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Carleman estimates and some inverse problems
for the coupled quantitative thermoacoustic
equations by boundary data. Part I: Carleman
estimates
Yunxia Shang∗† and Shumin Li‡
Abstract. In this paper, we consider Carleman estimates and inverse problems
for the coupled quantitative thermoacoustic equations. In Part I, we establish
Carleman estimates for the coupled quantitative thermoacoustic equations by as-
suming that the coefficients satisfy suitable conditions and taking the usual weight
function ϕ(x, t) = eλψ(x,t), ψ(x, t) = |x− x0|2−β (t− t0)2+βt20 for x in a bounded
domain in Rn with C3-boundary and t ∈ (0, T ), where t0 = T/2. We will discuss
applications of the Carleman estimates to some inverse problems for the coupled
quantitative thermoacoustic equations in the succeeding Part II paper [6].
Keywords. Carleman estimates, thermoacoustic equations, coupled, inverse
problems.
2010 Mathematics Subject Classfication. 35M10, 35B45, 35R30.
1 Introduction and main results
We investigate the so called quantitative thermoacoustic tomography process (e.g.
[1, 5, 23, 25] and their references). According to [5], assuming that the variations
in temperature and pressure are weak and neglecting the nonlinear effects, we
∗Mathematics & Science college, Shanghai Normal University, 100 Guilin Road, Shanghai,
200234, P.R. China(syx@shnu.edu.cn).
†School of Mathematical Sciences, University of Science and Technology of China, 96 Jinzhai
Road Baohe, Hefei, Anhui, 230026, P.R. China.
‡CAS Wu Wen-Tsun Key Laboratory of Mathematics, University of Science and Technology
of China, 96 Jinzhai Road Baohe, Hefei, Anhui, 230026, P.R. China (shuminli@ustc.edu.cn).
1
2obtain the system

∂2t p− ρv2sdiv
(
1
ρ
∇p
)
− Γ∂t{div (κ∇θ)} = Γ∂tΠa,
∂tθ − 1
ρCp
div (κ∇θ)− θ0ς
ρCp
∂tp =
Πa
ρCp
, in Q,
(1.1)
for the temperature rise θ and the pressure perturbation p from the equilibrium
steady state depending on (x, t) = (x1, · · · , xn, t) ∈ Q , Ω× (0, T ). Here n ∈ N∗
and Ω is a bounded domain in Rn with the boundary ∂Ω ∈ C3. Throughout this
paper, we set ∂j =
∂
∂xj
, ∂t =
∂
∂t
, ∂2j =
∂2
∂x2j
, ∂j∂k =
∂2
∂xj∂xk
, △ =∑nj=1 ∂2∂x2j , ∂2t = ∂2∂t2 ,
1 ≤ j, k ≤ n. We assume that the mass density at steady state ρ, the thermal
conductivity κ, the acoustic wave velocity vs and the isobar specific heat capacity
Cp are given strictly positive functions of x and independent of t, the Gru¨neisen
parameter Γ, the background temperature θ0 and the volume thermal expansivity
ς are given non-negative functions of x and independent of t, and the absorbed
energy Πa is an unknown function of x and t.
We set
Θ(x, t) = ∂tθ(x, t). (1.2)
Differentiating the second equation in (1.1) with respect to t, we obtain{
∂2t p− ρ1(x)div (q(x)∇p)− ρ2(x)div (κ(x)∇Θ) = Γ(x)∂tΠa,
∂tΘ− ρ3(x)div (κ(x)∇Θ)− ρ4(x)∂2t p = ρ3(x)∂tΠa, in Q,
(1.3)
where ρ1(x) = ρ(x)v
2
s (x), q(x) =
1
ρ(x)
, ρ2(x) = Γ(x), ρ3(x) =
1
ρ(x)Cp(x)
, and ρ4(x) =
θ0(x)ς(x)
ρ(x)Cp(x)
. Let a1(x) = ρ1(x)q(x), a2(x) = ρ2(x)κ(x), a3(x) = ρ3(x)κ(x), and
a4(x) = ρ4(x).
Therefore, in this paper, we consider Carleman estimates for the following
strongly coupled hyperbolic-parabolic system{
∂2t p(x, t)− a1(x)∆p(x, t)− a2(x)∆Θ(x, t) = f(x, t),
∂tΘ(x, t)− a3(x)∆Θ(x, t)− a4(x)∂2t p(x, t) = g(x, t), in Q,
(1.4)
where f(x, t), g(x, t) ∈ L2(Q), aj(x) ∈ C2(Ω) (j = 1, 2, 3, 4) are real-valued
functions.
In order to state our main results, we introduce more notations. Let (x · x′)
denote the scalar product in Rn. Let ν = ν(x) = (ν1(x), · · · , νn(x)) denote the
outward unit normal vector to ∂Ω at x. We assume that ω ⊂ Ω is a subdomain
of Ω satisfy
∂Ω \ ∂ω ⊂ {x ∈ ∂Ω∣∣ ((x− x0) · ν(x)) < 0} (1.5)
3with some x0 = (x
1
0, x
2
0, · · · , xn0 ) ∈ Rn \Ω. Let T > 0 be given. We shall establish
a Carleman estimate with the measurement in a subboundary layer
Θ(x, t), (x, t) ∈ Qω , ω × (0, T ).
We introduce two sets which are concerned with the coefficients aj(x), j = 1,
2, 3, 4:
U = Uσ0,σ1,M0,M1,M2 =
{ (
a1(x), a2(x), a3(x), a4(x)
) ∈ (C2(Ω))4∣∣∣
a1(x) ≥ σ1, a3(x) ≥ σ1, a2(x) ≥ 0, a4(x) ≥ 0, ∀x ∈ Ω,
‖aj‖C(Ω) ≤ M0, ‖aj‖C1(Ω) ≤M1, ‖aj‖C2(Ω) ≤M2, j = 1, 2, 3, 4,
3a1 − 2 ((x− x0) · ∇a1) + a1
(1 + a2a4
a3
)
(
2(x− x0) · ∇
(
a2a4
a3
))
≥ σ0
}
(1.6)
where the constants M0 > 1, M1 > 0, M2 > 0, σ0 > 0, M0 > σ1 > 0 are given.
Denote
m = inf
x∈Ω
|x− x0|2 , M = sup
x∈Ω
|x− x0|2 , and D =
√
M −m. (1.7)
We assume that
(
a1(x), a2(x), a3(x), a4(x)
) ∈ U = Uσ0,σ1,M0,M1,M2. Denote
α1 =228nM
3
0M1M
1
2 + 20M40 − 8σ21, α2 =
(
132nM1M
1
2 + 16M0
)
M30 ,
α3 =min

 σ0σ1(2M40α1
σ2
1
+ α2
) , σ1
8M
,
σ41
16M80

 ,
α4 =6M
2
0α3 +
2M20
σ1
, α5 = 2M
2
0α3 + 2
(
1 +
M20
σ1
+
3M30
σ21
)
M1 +
2M20
σ1
,
α6 =
4M30α3
σ1
+ 2
(
1 +
M20
σ1
+
3M30
σ21
)
nM1,
α7 =
16M80
σ71
(
1 +
M20
σ1
)2
, α8 = 2
(
1 +
M20
σ1
)2
,
α9 =
−Dα6 +
√
D2α26 + σ1 (D2α7 + α8)
4 (D2α7 + α8) . (1.8)
We choose β > 0 such that
0 < β < min
{
α29,
α21α
2
3
16α24D2
,
σ20σ
2
1
16α25D2
,
m2σ31
2M0 (σ1 +M
2
0 )D2
}
. (1.9)
4Denote t0 =
T
2
. We will prove a Carleman estimate for (1.4) with the expo-
nential weight function e2sϕ where
ϕ(x, t) = eλψ(x,t), ψ(x, t) = |x− x0|2 − β (t− t0)2 + βt20, ∀(x, t) ∈ Q, (1.10)
and λ > 0 is a suitably large constant.
We set ∇ = (∂1, · · · , ∂n), ∇x,t = (∂1, · · · , ∂n, ∂t), |∇w|2 =
∑n
k=1 |∂kw|2,
|∇x,tw|2 = |∇w|2 + |∂tw|2, and so on. L2(Q), H2(Ω), etc. denote usual Sobolev
spaces. We further set
H2,1(Q) = {u ∈ L2(Q); ∂ju, ∂2ju, ∂j∂ku, ∂tu ∈ L2(Q), j, k = 1, · · · , n} ,
H2,2(Q) = {u ∈ L2(Q); ∂ju, ∂2ju, ∂j∂ku, ∂tu, ∂2t u ∈ L2(Q), j, k = 1, · · · , n} ,
and W = H2,1(Q)×H2,2(Q).
Theorem 1.1. Let (Θ, p) ∈ W satisfy (1.4) and
Θ(x, t) = 0, p(x, t) = 0, (x, t) ∈ Σ , ∂Ω × (0, T ) (1.11)
Θ(x, 0) = Θ(x, T ) = 0, ∂jt p(x, 0) = ∂
j
t p(x, T ) = 0, x ∈ Ω, j = 0, 1. (1.12)
We assume that
(
a1, a2, a3, a4
) ∈ U , and that (1.9) holds. Then there exists a
constant η(β) > 0 such that for any T ∈
(
0, 2(D+η)√
β
)
, there exists a constant
λ0 > 0 such that for all λ > λ0, there exist constants s0(λ) > 0 and K1 = K1(s0,
λ0, β, Ω, T , m, M , M0, M1, M2, σ0, σ1) > 0 such that∫
Q
(
s3λ4ϕ3Θ2 +
1
sϕ
|∂tΘ|2 + sλϕ|∇Θ|2 + s3λ4ϕ3p2 + sλϕ|∇x,tp|2
)
e2sϕdxdt
≤ K1
∫
Q
(
f 2 + g2
)
e2sϕdxdt
+K1
∫
Qω
{
s3λ4ϕ3
(
Θ2 + p2
)
+
1
sϕ
|∂tΘ|2 + s3λ3ϕ3 |∂tp|2
}
e2sϕdxdt, (1.13)
for all s ≥ s0.
Let Γ0 ⊂ ∂Ω satisfy
∂Ω \ Γ0 ⊂
{
x ∈ ∂Ω∣∣ ((x− x0) · ν(x)) < 0} (1.14)
Let ∂u
∂ν
denote the normal derivative: ∂u
∂ν
(x) =
∑n
j=1 νj(x)∂ju(x), x ∈ ∂Ω. The
following Carleman estimate plays an important role in the proof of Theorem 1.1:
5Theorem 1.2. Let (Θ, p) ∈ W satisfy (1.4), (1.11) and (1.12). We assume that(
a1, a2, a3, a4
) ∈ U , and that (1.9) holds. Then there exists a constant η(β) > 0
such that for any T ∈
(
0, 2(D+η)√
β
)
, there exists a constant λ0 > 0 such that for all
λ > λ0, there exist constants s0(λ) > 0 and K2 = K2(s0, λ0, β, Ω, T , m, M , M0,
M1, M2, σ0, σ1, ǫ) > 0 such that∫
Q
(
s3λ4ϕ3Θ2 +
1
sϕ
|∂tΘ|2 + sλϕ|∇Θ|2 + s3λ4ϕ3p2 + sλϕ|∇x,tp|2
)
e2sϕdxdt
≤ K2
∫
Q
(
f 2 + g2
)
e2sϕdxdt +K2sλ
∫
Γ0×(0,T )
ϕ
(∣∣∣∣∂Θ∂ν
∣∣∣∣
2
+
∣∣∣∣∂p∂ν
∣∣∣∣
2
)
dσdt, (1.15)
for all s ≥ s0.
The Carleman estimate was first introduced by Carleman [3] in 1939 for the
purpose of proving uniqueness in the general Cauchy problem of first-order sys-
tems in two dimensions with simple characteristics. After that the Carleman
estimate and applications were greatly developed. We refer to Bellassoued and
Yamamoto [2], Chae, Imanuvilov and Kim [4], Egorov [7], Eller and Isakov [8],
Fursikov and Imanuvilov [9], Ho¨rmander [10, 11], Imanuvilov [12], Imanuvilov
and Yamamoto [13], Isakov [14]–[18], Klibanov [19], Klibanov and Timonov [20],
Lavrent’ev, Romanov and Shishatskii [21], Li [22], Romanov [24], Tataru [26],
Tre`ves [27], Yamamoto [28], Yuan and Yamamoto [29], and related references in
them. In this references, Carleman estimates are proved by general methods or
direct methods.
In this paper, we concentrate on the proof of Carleman estimates for (1.4),
that is, Theorem 1.1 and 1.2, by a direct method. We will discuss applications of
Theorem 1.1 to several inverse problems in the domain of thermoacoustic tomog-
raphy (TAT) in the succeeding Part II paper [6]. To our best knowledge, inverse
problems in the domain of TAT are very few addressed until now because the
models of the literature do not consider the heating process.
The paper consists of three sections. In Section 2, we will give a direct deriva-
tion of Theorem 1.2 by apply the argument in e.g. [20, 21, 24, 28]. In Section 3,
we will derive Theorem 1.1 by applying Theorem 1.2 and the argument in [12].
2 Proof of Theorem 1.2
By a usual density argument, we can assume that (Θ, p) ∈ C∞(Q)×C∞(Q). Let
λ > 1 and s > 1. Eliminating ∂2t p from the two equations in (1.4), we have
∂tΘ− a5∆Θ− a6∆p = a4f + g, (2.1)
6where
a5 = a3 + a2a4 and a6 = a1a4. (2.2)
Denote
L0 (Θ, p) = ∂tΘ− a5∆Θ− a6∆p. (2.3)
We set (ϑ, w) = esϕ (Θ, p), L (ϑ, w) = esϕL0 (e−sϕ (ϑ, w)). By (1.10), we have
∂tψ = −2β (t− t0) , ∂2t ψ = −2β, ∂jψ = 2(xj − xj0), ∂j∂kψ = 2δjk,
∂tϕ = λϕ(∂tψ), ∂
2
t ϕ = λϕ(∂
2
t ψ) + λ
2ϕ(∂tψ)
2, ∂jϕ = λϕ(∂jψ),
∂j∂kϕ = λϕ(∂j∂kψ) + λ
2ϕ(∂jψ)(∂kψ), for all j, k = 1, · · · , n. (2.4)
By direct calculations, we have
esϕ (a4f + g) = L (ϑ, w) = esϕ
{
∂t
(
e−sϕϑ
)− a5∆ (e−sϕϑ) − a6∆ (e−sϕw)}
= −a5∆ϑ− a6∆w − s2λ2ϕ2|∇ψ|2a5ϑ− s2λ2ϕ2|∇ψ|2a6w + ∂tϑ
+ 2sλϕ (∇ψ · (a5∇ϑ+ a6∇w)) + A(ϑ, w), in Q,
where
A(ϑ, w) = sλ2ϕ|∇ψ|2 (a5ϑ+ a6w) + 2nsλϕ (a5ϑ+ a6w)− sλϕ (∂tψ)ϑ. (2.5)
Then taking into consideration the orders of (s, λ, ϕ), we divide L (ϑ, w) as follows:
L (ϑ, w) = L1 (ϑ, w) + L2 (ϑ, w) , (2.6)
where
L1 (ϑ, w) = −a5∆ϑ− a6∆w − s2λ2ϕ2|∇ψ|2a5ϑ− s2λ2ϕ2|∇ψ|2a6w,
L2 (ϑ, w) = ∂tϑ+ 2sλϕ (∇ψ · (a5∇ϑ+ a6∇w)) + A(ϑ, w). (2.7)
Therefore we have
‖(a4f + g) esϕ‖2L2(Q) = ‖L (ϑ, w)‖2L2(Q) = ‖L1 (ϑ, w) + L2 (ϑ, w)‖2L2(Q)
= ‖L1 (ϑ, w)‖2L2(Q) + 2
∫
Q
L1 (ϑ, w)L2 (ϑ, w) dxdt + ‖L2 (ϑ, w)‖2L2(Q) . (2.8)
Direct calculations yeild
L1 (ϑ, w)L2 (ϑ, w) = −a5 (∆ϑ) (∂tϑ)− 2a5sλϕ (∆ϑ) (∇ψ · (a5∇ϑ+ a6∇w))
− a5 (∆ϑ)A(ϑ, w)− a6 (∆w) (∂tϑ)− 2sλϕa6 (∆w) (∇ψ · (a5∇ϑ+ a6∇w))
− a6 (∆w)A(ϑ, w)− s2λ2ϕ2|∇ψ|2a5ϑ (∂tϑ)
− 2s3λ3ϕ3|∇ψ|2a5 (∇ψ · (a5∇ϑ+ a6∇w))ϑ− s2λ2ϕ2|∇ψ|2a5ϑA(ϑ, w)
7− s2λ2ϕ2|∇ψ|2a6w (∂tϑ)− 2s3λ3ϕ3|∇ψ|2a6 (∇ψ · (a5∇ϑ+ a6∇w))w
− s2λ2ϕ2|∇ψ|2a6wA(ϑ, w) ,
12∑
k=1
Jk. (2.9)
We integrate Jk, k = 1, 2, ..., 12 over Q. We calculate them by applying the
integration by parts and apply the conditions (1.11), (1.12), and
(
a1, a2, a3, a4
) ∈
U . ∫
Q
J1dxdt = −
∫
Q
a5 (∆ϑ) (∂tϑ) dxdt
=
∫
Q
(∇a5 · ∇ϑ) (∂tϑ) dxdt +
∫
Q
a5∂t
(
1
2
|∇ϑ|2
)
dxdt
=
∫
Q
(∇a5 · ∇ϑ) (∂tϑ) dxdt. (2.10)
∫
Q
J2dxdt = −2sλ
∫
Q
ϕ (∆ϑ)
(∇ψ · (a25∇ϑ+ a5a6∇w)) dxdt
= −2sλ
∫
Q
ϕa25 (∆ϑ) (∇ψ · ∇ϑ) dxdt− 2sλ
∫
Q
ϕa5a6 (∆ϑ) (∇ψ · ∇w) dxdt
= −2sλ
∫
Σ
ϕa25 (∇ψ · ∇ϑ) (∇ϑ · ν) dσdt + 2sλ2
∫
Q
ϕa25 (∇ψ · ∇ϑ)2 dxdt
+ 4sλ
∫
Q
ϕa5 (∇a5 · ∇ϑ) (∇ψ · ∇ϑ) dxdt + 4sλ
∫
Q
ϕa25 |∇ϑ|2 dxdt
+ sλ
∫
Q
ϕa25
(∇ψ · ∇ (|∇ϑ|2)) dxdt− 2sλ ∫
Σ
ϕa5a6 (∇ψ · ∇w) (∇ϑ · ν) dσdt
+ 2sλ2
∫
Q
ϕa5a6 (∇ψ · ∇ϑ) (∇ψ · ∇w) dxdt
+ 2sλ
∫
Q
ϕ (∇ (a5a6) · ∇ϑ) (∇ψ · ∇w) dxdt + 4sλ
∫
Q
ϕa5a6 (∇ϑ · ∇w) dxdt
+ 2sλ
∫
Q
ϕa5a6
n∑
j,k=1
(∂jψ) (∂kϑ) (∂j∂kw) dxdt.
Calculating the fifth term by the integration by parts, we have
(the fifth term) = sλ
∫
Σ
ϕa25 (∇ψ · ν) |∇ϑ|2 dσdt− sλ2
∫
Q
ϕ |∇ψ|2 a25 |∇ϑ|2 dxdt
−2sλ
∫
Q
ϕa5 (∇ψ · ∇a5) |∇ϑ|2 dxdt− sλ
∫
Q
ϕ (△ψ) a25 |∇ϑ|2 dxdt.
8We note that △ψ = 2n on Ω. By (1.11), we have ϑ = 0 and w = 0 on Σ, so that
we have ∇ϑ = ∂ϑ
∂ν
ν and ∇w = ∂w
∂ν
ν on Σ. Therefore we have
∫
Q
J2dxdt = −sλ
∫
Σ
ϕ (∇ψ · ν) a25
∣∣∣∣∂ϑ∂ν
∣∣∣∣
2
dσdt− 2sλ
∫
Σ
ϕ (∇ψ · ν) a5a6∂ϑ
∂ν
∂w
∂ν
dσdt
+ 2sλ2
∫
Q
ϕa25 (∇ψ · ∇ϑ)2 dxdt + 4sλ
∫
Q
ϕa5 (∇a5 · ∇ϑ) (∇ψ · ∇ϑ) dxdt
+ 4sλ
∫
Q
ϕa25 |∇ϑ|2 dxdt− sλ2
∫
Q
ϕ |∇ψ|2 a25 |∇ϑ|2 dxdt
− 2sλ
∫
Q
ϕa5 (∇ψ · ∇a5) |∇ϑ|2 dxdt− 2nsλ
∫
Q
ϕa25 |∇ϑ|2 dxdt
+ 2sλ2
∫
Q
ϕa5a6 (∇ψ · ∇ϑ) (∇ψ · ∇w) dxdt
+ 2sλ
∫
Q
ϕ (∇ (a5a6) · ∇ϑ) (∇ψ · ∇w) dxdt + 4sλ
∫
Q
ϕa5a6 (∇ϑ · ∇w) dxdt
+ 2sλ
∫
Q
ϕa5a6
n∑
j,k=1
(∂jψ) (∂kϑ) (∂j∂kw) dxdt. (2.11)
∫
Q
J3dxdt = −
∫
Q
a5 (∆ϑ)A(ϑ, w)dxdt
= −sλ2
∫
Q
ϕ |∇ψ|2 a25 (∆ϑ)ϑdxdt − sλ2
∫
Q
ϕ |∇ψ|2 a5a6 (∆ϑ)wdxdt
− 2nsλ
∫
Q
ϕa25 (∆ϑ) ϑdxdt− 2nsλ
∫
Q
ϕa5a6 (∆ϑ)wdxdt
+ sλ
∫
Q
ϕ (∂tψ) a5 (∆ϑ)ϑdxdt
= sλ3
∫
Q
ϕ |∇ψ|2 a25 (∇ψ · ∇ϑ) ϑdxdt + sλ2
∫
Q
ϕ
(∇ (a25 |∇ψ|2) · ∇ϑ) ϑdxdt
+ sλ2
∫
Q
ϕ |∇ψ|2 a25 |∇ϑ|2 dxdt + sλ3
∫
Q
ϕ |∇ψ|2 a5a6 (∇ψ · ∇ϑ)wdxdt
+ sλ2
∫
Q
ϕ
(∇ (|∇ψ|2 a5a6) · ∇ϑ)wdxdt
+ sλ2
∫
Q
ϕ |∇ψ|2 a5a6 (∇ϑ · ∇w) dxdt + 2nsλ2
∫
Q
ϕa25 (∇ψ · ∇ϑ)ϑdxdt
+ 4nsλ
∫
Q
ϕa5 (∇a5 · ∇ϑ) ϑdxdt + 2nsλ
∫
Q
ϕa25 |∇ϑ|2 dxdt
9+ 2nsλ2
∫
Q
ϕa5a6 (∇ψ · ∇ϑ)wdxdt + 2nsλ
∫
Q
ϕ (∇ (a5a6) · ∇ϑ)wdxdt
+ 2nsλ
∫
Q
ϕa5a6 (∇ϑ · ∇w) dxdt− sλ2
∫
Q
ϕ (∂tψ) a5 (∇ψ · ∇ϑ) ϑdxdt
− sλ
∫
Q
ϕ (∂tψ) (∇a5 · ∇ϑ)ϑdxdt − sλ
∫
Q
ϕ (∂tψ) a5 |∇ϑ|2 dxdt
≥ sλ2
∫
Q
ϕ |∇ψ|2 a25 |∇ϑ|2 dxdt + sλ2
∫
Q
ϕ |∇ψ|2 a5a6 (∇ϑ · ∇w) dxdt
+ 2nsλ
∫
Q
ϕa25 |∇ϑ|2 dxdt + 2nsλ
∫
Q
ϕa5a6 (∇ϑ · ∇w) dxdt
− sλ
∫
Q
ϕ (∂tψ) a5 |∇ϑ|2 dxdt− C1sλ3
∫
Q
ϕ |∇ϑ| (|ϑ|+ |w|)dxdt. (2.12)
Here and henceforth, Ck (k = 1, 2, · · · ) denote generic positive constants which
may depend on n, Ω, T , β, m, M , Mj (j = 0, 1, 2), σ0, σ1, s0, λ0, but are
independent of s and λ. Integrating by parts several times, we have∫
Q
J4dxdt = −
∫
Q
a6 (∆w) (∂tϑ) dxdt
=
∫
Q
(∂tϑ) (∇a6 · ∇w) dxdt +
∫
Q
a6 (∇w · ∇(∂tϑ)) dxdt
= −
∫
Q
(∇a6 · ∇(∂tw))ϑdxdt −
∫
Q
a6 (∇(∂tw) · ∇ϑ) dxdt
=
∫
Q
(∆a6) (∂tw)ϑdxdt + 2
∫
Q
(∇a6 · ∇ϑ) (∂tw) dxdt
+
∫
Q
a6 (∂tw) (∆ϑ) dxdt. (2.13)
We calculate the third term by applying the second equation in (1.4). Since
∆ϑ = ∆(esϕΘ) =
(
s2λ2ϕ2 |∇ψ|2 + sλ2ϕ |∇ψ|2 + 2nsλϕ)Θesϕ
+ (∆Θ) esϕ + 2sλϕ (∇ψ · ∇Θ) esϕ,
∂tw = ∂t (e
sϕp) = sλϕ (∂tψ) pe
sϕ + (∂tp) e
sϕ,
we have
a6 (∂tw) (∆ϑ)
= sλϕ (∂tψ)
(
s2λ2ϕ2 |∇ψ|2 + sλ2ϕ |∇ψ|2 + 2nsλϕ) a6pΘe2sϕ
+ sλϕ (∂tψ) a6 (∆Θ) pe
2sϕ + 2s2λ2ϕ2 (∂tψ) a6 (∇ψ · ∇Θ) pe2sϕ
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+
(
s2λ2ϕ2 |∇ψ|2 + sλ2ϕ |∇ψ|2 + 2nsλϕ) a6Θ (∂tp) e2sϕ
+ a6 (∂tp) (∆Θ) e
2sϕ + 2sλϕa6 (∇ψ · ∇Θ) (∂tp) e2sϕ. (2.14)
Integrating by parts, we have∫
Q
sλϕ (∂tψ) a6 (∆Θ) pe
2sϕdxdt
= −sλ
∫
Q
ϕ (∂tψ) (∇a6 · ∇Θ) pe2sϕdxdt
− sλ2
∫
Q
ϕ (∂tψ) a6 (∇ψ · ∇Θ) pe2sϕdxdt− sλ
∫
Q
ϕ (∂tψ) a6 (∇Θ · ∇p) e2sϕdxdt
− 2s2λ2
∫
Q
ϕ2 (∂tψ) a6 (∇ψ · ∇Θ) pe2sϕdxdt. (2.15)
By the second equation in (1.4), we have
a6 (∂tp) (∆Θ) e
2sϕ =
a6
a3
(∂tp)
(
∂tΘ− a4∂2t p− g
)
e2sϕ
=
a6
a3
(∂tp) (∂tΘ) e
2sϕ − a4a6
2a3
∂t
(|∂tp|2) e2sϕ − a6
a3
(∂tp) ge
2sϕ.
Therefore we have∫
Q
a6 (∂tp) (∆Θ) e
2sϕdxdt =
∫
Q
a6
a3
(∂tp) (∂tΘ) e
2sϕdxdt
+ sλ
∫
Q
ϕ (∂tψ)
a4a6
a3
|∂tp|2 e2sϕdxdt−
∫
Q
a6
a3
(∂tp) ge
2sϕdxdt. (2.16)
We note that s > 1, λ > 1 and ϕ > 1 on Q. Combinating of (2.13)-(2.16) and
noting that the integration of the third term in (2.14) over Q plus the last term
in (2.15) equals to 0, we obtain∫
Q
J4dxdt ≥ −sλ
∫
Q
ϕ (∂tψ) a6 (∇Θ · ∇p) e2sϕdxdt
+
∫
Q
a6
a3
(∂tp) (∂tΘ) e
2sϕdxdt + sλ
∫
Q
ϕ (∂tψ)
a4a6
a3
|∂tp|2 e2sϕdxdt
+ 2sλ
∫
Q
ϕa6 (∇ψ · ∇Θ) (∂tp) e2sϕdxdt
− C2
∫
Q
|∂tw| |ϑ|dxdt− C2
∫
Q
|∂tw| |∇ϑ| dxdt− C2s3λ3
∫
Q
ϕ3|p||Θ|e2sϕdxdt
− C2sλ2
∫
Q
ϕ|p| |∇Θ| e2sϕdxdt− C2s2λ2
∫
Q
ϕ2 |∂tp| |Θ|e2sϕdxdt
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− C2
∫
Q
|∂tp| |g|e2sϕdxdt. (2.17)
Similarly to J2, we have∫
Q
J5dxdt = −2sλ
∫
Q
ϕa6 (∆w) (∇ψ · (a5∇ϑ+ a6∇w)) dxdt
= −2sλ
∫
Q
ϕa5a6 (∇ψ · ∇ϑ) (∆w) dxdt− 2sλ
∫
Q
ϕa26 (∇ψ · ∇w) (∆w) dxdt
= −2sλ
∫
Σ
ϕ (∇ψ · ν) a5a6∂ϑ
∂ν
∂w
∂ν
dσdt + 4sλ
∫
Q
ϕa5a6 (∇ϑ · ∇w) dxdt
+ 2sλ2
∫
Q
ϕa5a6 (∇ψ · ∇ϑ) (∇ψ · ∇w) dxdt
+ 2sλ
∫
Q
ϕ (∇ (a5a6) · ∇w) (∇ψ · ∇ϑ) dxdt
+ 2sλ
∫
Q
ϕa5a6
n∑
j,k=1
(∂jψ) (∂j∂kϑ) (∂kw) dxdt
− 2sλ
∫
Σ
ϕ (∇ψ · ν) a26
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt + 2sλ2
∫
Q
ϕa26 (∇ψ · ∇w)2 dxdt
+ 4sλ
∫
Q
ϕa6 (∇a6 · ∇w) (∇ψ · ∇w) dxdt + 4sλ
∫
Q
ϕa26 |∇w|2 dxdt
+ sλ
∫
Q
ϕa26
(∇ψ · ∇ (|∇w|2)) dxdt.
Calculating the fifth term by the integration by parts, we have
(the fifth term) = 2sλ
∫
Σ
ϕ (∇ψ · ν) a5a6∂ϑ
∂ν
∂w
∂ν
dσdt
− 2sλ2
∫
Q
ϕ |∇ψ|2 a5a6 (∇ϑ · ∇w) dxdt
− 2sλ
∫
Q
ϕ (∇ (a5a6) · ∇ψ) (∇ϑ · ∇w) dxdt− 4nsλ
∫
Q
ϕa5a6 (∇ϑ · ∇w) dxdt
− 2sλ
∫
Q
ϕa5a6
n∑
j,k=1
(∂jψ) (∂kϑ) (∂j∂kw) dxdt.
Calculating the tenth term by the integration by parts, we have
(the tenth term) = sλ
∫
Σ
ϕ (∇ψ · ν) a26
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt− sλ2
∫
Q
ϕ |∇ψ|2 a26 |∇w|2 dxdt
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− 2sλ
∫
Q
ϕa6 (∇a6 · ∇ψ) |∇w|2 dxdt− 2nsλ
∫
Q
ϕa26 |∇w|2 dxdt.
Therefore we obtain∫
Q
J5dxdt = 4(1− n)sλ
∫
Q
ϕa5a6 (∇ϑ · ∇w) dxdt
+ 2sλ2
∫
Q
ϕa5a6 (∇ψ · ∇ϑ) (∇ψ · ∇w) dxdt
+ 2sλ
∫
Q
ϕ (∇ (a5a6) · ∇w) (∇ψ · ∇ϑ) dxdt
− 2sλ2
∫
Q
ϕ |∇ψ|2 a5a6 (∇ϑ · ∇w) dxdt
− 2sλ
∫
Q
ϕ (∇ (a5a6) · ∇ψ) (∇ϑ · ∇w) dxdt
− 2sλ
∫
Q
ϕa5a6
n∑
j,k=1
(∂jψ) (∂kϑ) (∂j∂kw) dxdt
− sλ
∫
Σ
ϕ (∇ψ · ν) a26
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt + 2sλ2
∫
Q
ϕa26 (∇ψ · ∇w)2 dxdt
+ 4sλ
∫
Q
ϕa6 (∇a6 · ∇w) (∇ψ · ∇w) dxdt + 2(2− n)sλ
∫
Q
ϕa26 |∇w|2 dxdt
− sλ2
∫
Q
ϕ |∇ψ|2 a26 |∇w|2 dxdt− 2sλ
∫
Q
ϕa6 (∇ψ · ∇a6) |∇w|2 dxdt. (2.18)
∫
Q
J6dxdt = −
∫
Q
a6 (∆w)A (ϑ, w) dxdt
= −sλ2
∫
Q
ϕ |∇ψ|2 a5a6 (∆w)ϑdxdt − sλ2
∫
Q
ϕ |∇ψ|2 a26 (∆w)wdxdt
− 2nsλ
∫
Q
ϕa5a6 (∆w)ϑdxdt − 2nsλ
∫
Q
ϕa26 (∆w)wdxdt
+ sλ
∫
Q
ϕ (∂tψ) a6 (∆w)ϑdxdt
= sλ3
∫
Q
ϕ |∇ψ|2 a5a6 (∇ψ · ∇w)ϑdxdt
+ sλ2
∫
Q
ϕ
(∇ (|∇ψ|2 a5a6) · ∇w)ϑdxdt + sλ2
∫
Q
ϕ |∇ψ|2 a5a6 (∇w · ∇ϑ) dxdt
+ sλ3
∫
Q
ϕ |∇ψ|2 a26 (∇ψ · ∇w)wdxdt + sλ2
∫
Q
ϕ
(∇ (|∇ψ|2 a26) · ∇w)wdxdt
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+ sλ2
∫
Q
ϕ |∇ψ|2 a26 |∇w|2 dxdt + 2nsλ2
∫
Q
ϕa5a6 (∇ψ · ∇w)ϑdxdt
+ 2nsλ
∫
Q
ϕ (∇ (a5a6) · ∇w)ϑdxdt + 2nsλ
∫
Q
ϕa5a6 (∇w · ∇ϑ) dxdt
+ 2nsλ2
∫
Q
ϕa26 (∇ψ · ∇w)wdxdt + 4nsλ
∫
Q
ϕa6 (∇a6 · ∇w)wdxdt
+ 2nsλ
∫
Q
ϕa26 |∇w|2 dxdt − sλ2
∫
Q
ϕ (∂tψ) a6 (∇ψ · ∇w)ϑdxdt
− sλ
∫
Q
ϕ (∂tψ) (∇a6 · ∇w)ϑdxdt− sλ
∫
Q
ϕ (∂tψ) a6 (∇w · ∇ϑ) dxdt
≥ sλ2
∫
Q
ϕ |∇ψ|2 a26 |∇w|2 dxdt + 2nsλ
∫
Q
ϕa26 |∇w|2 dxdt
+ sλ2
∫
Q
ϕ |∇ψ|2 a5a6 (∇w · ∇ϑ) dxdt + 2nsλ
∫
Q
ϕa5a6 (∇w · ∇ϑ) dxdt
− sλ
∫
Q
ϕ (∂tψ) a6 (∇w · ∇ϑ) dxdt− C3sλ3
∫
Q
ϕ |∇w| (|ϑ|+ |w|)dxdt. (2.19)
∫
Q
J7dxdt = −1
2
s2λ2
∫
Q
ϕ2 |∇ψ|2 a5
{
∂t
(
ϑ2
)}
dxdt
= s2λ3
∫
Q
ϕ2 |∇ψ|2 (∂tψ) a5ϑ2dxdt ≥ −C4s2λ3
∫
Q
ϕ2ϑ2dxdt. (2.20)
∫
Q
J8dxdt = −2s3λ3
∫
Q
ϕ3 |∇ψ|2 a5 (∇ψ · (a5∇ϑ+ a6∇w))ϑdxdt
= 3s3λ4
∫
Q
ϕ3 |∇ψ|4 a25ϑ2dxdt + s3λ3
∫
Q
ϕ3
n∑
j=1
∂j
{
(∂jψ) |∇ψ|2 a25
}
ϑ2dxdt
− 2s3λ3
∫
Q
ϕ3 |∇ψ|2 a5a6 (∇ψ · ∇w)ϑdxdt
≥ 3s3λ4
∫
Q
ϕ3 |∇ψ|4 a25ϑ2dxdt− 2s3λ3
∫
Q
ϕ3 |∇ψ|2 a5a6 (∇ψ · ∇w)ϑdxdt
− C5s3λ3
∫
Q
ϕ3ϑ2dxdt. (2.21)
∫
Q
J9dxdt = −s2λ2
∫
Q
ϕ2 |∇ψ|2 a5ϑA (ϑ, w) dxdt
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= −s3λ4
∫
Q
ϕ3 |∇ψ|4 a25ϑ2dxdt− s3λ4
∫
Q
ϕ3 |∇ψ|4 a5a6ϑwdxdt
− C6s3λ3
∫
Q
ϕ3ϑ2dxdt− C6s3λ3
∫
Q
ϕ3|ϑ||w|dxdt. (2.22)
∫
Q
J10dxdt = −s2λ2
∫
Q
ϕ2 |∇ψ|2 a6w (∂tϑ) dxdt
= s2λ2
∫
Q
ϕ2 |∇ψ|2 a6ϑ (∂tw) dxdt + 2s2λ3
∫
Q
ϕ2 (∂tψ) |∇ψ|2 a6ϑwdxdt
≥ −C7s2λ2
∫
Q
ϕ2|ϑ| |∂tw|dxdt− C7s2λ3
∫
Q
ϕ2|ϑ||w|dxdt. (2.23)
∫
Q
J11dxdt = −2s3λ3
∫
Q
ϕ3 |∇ψ|2 a6 (∇ψ · (a5∇ϑ+ a6∇w))wdxdt
= 2s3λ3
∫
Q
ϕ3
n∑
j=1
∂j
{|∇ψ|2 (∂jψ) a5a6}ϑwdxdt
+ 6s3λ4
∫
Q
ϕ3 |∇ψ|4 a5a6ϑwdxdt + 2s3λ3
∫
Q
ϕ3 |∇ψ|2 a5a6 (∇ψ · ∇w)ϑdxdt
+ 3s3λ4
∫
Q
ϕ3 |∇ψ|4 a26w2dxdt + s3λ3
∫
Q
ϕ3
n∑
j=1
∂j
{|∇ψ|2 (∂jψ) a26}w2dxdt
≥ 6s3λ4
∫
Q
ϕ3 |∇ψ|4 a5a6ϑwdxdt + 2s3λ3
∫
Q
ϕ3 |∇ψ|2 a5a6 (∇ψ · ∇w)ϑdxdt
+ 3s3λ4
∫
Q
ϕ3 |∇ψ|4 a26w2dxdt.
− C8s3λ3
∫
Q
ϕ3|ϑ||w|dxdt− C8s3λ3
∫
Q
ϕ3w2dxdt. (2.24)
∫
Q
J12dxdt = −s2λ2
∫
Q
ϕ2 |∇ψ|2 a6wA (ϑ, w) dxdt
≥ −s3λ4
∫
Q
ϕ3 |∇ψ|4 a5a6ϑwdxdt− s3λ4
∫
Q
ϕ3 |∇ψ|4 a26w2dxdt
− C9s3λ3
∫
Q
ϕ3|ϑ||w|dxdt− C9s3λ3
∫
Q
ϕ3w2dxdt. (2.25)
We combine (2.9)-(2.12) and (2.17)-(2.25). The sum of the third and ninth terms
in the right hand side of (2.11) and the second and eighth terms in the right hand
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side of (2.18) equals to
2sλ2
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt.
The sum of the sixth term in the right hand side of (2.11) and the first term in
the right hand side of (2.12) equals to 0. The sum of the eighth term in the right
hand side of (2.11) and the third term in the right hand side of (2.12) equals to 0.
The sum of the twelfth term in the right hand side of (2.11) and the sixth term in
the right hand side of (2.18) equals to 0. The sum of the second term in the right
hand side of (2.12), the fourth term in the right hand side of (2.18), and the third
term in the right hand side of (2.19) equals to 0. The sum of the eleventh term
in the right hand side of (2.18) and the first term in the right hand side of (2.19)
equals to 0. The sum of the second term in the right hand side of (2.21) and the
second term in the right hand side of (2.24) equals to 0. Furthermore, we combine
the eleventh term in right hand side of (2.11), the fourth term in the right term
in the right hand of (2.12), the first term in the right hand side of (2.18), and the
fourth term in the right hand side of (2.19). We combine the tenth term in the
right hand side of (2.18) and the second term in the right hand side of (2.19). We
combine the first term in the right hand side of (2.21) and the first term in the
right hand side of (2.22). We combine the second term in the right hand side of
(2.22), the first term in the right hand side of (2.24), and the first term in the
right hand side of (2.25). We combine the third term in the right hand side of
(2.24) and the second term in the right hand side of (2.25). Therefore, we can
obtain∫
Q
L1 (ϑ, w)L2 (ϑ, w) dxdt ≥ −sλ
∫
Σ
ϕ (∇ψ · ν)
(
a5
∂ϑ
∂ν
+ a6
∂w
∂ν
)2
dσdt
+ 2sλ2
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt +
∫
Q
(∇a5 · ∇ϑ) (∂tϑ) dxdt
+ 4sλ
∫
Q
ϕa5 (∇a5 · ∇ϑ) (∇ψ · ∇ϑ) dxdt + 4sλ
∫
Q
ϕa25 |∇ϑ|2 dxdt
− 2sλ
∫
Q
ϕa5 (∇ψ · ∇a5) |∇ϑ|2 dxdt + 2sλ
∫
Q
ϕ (∇ (a5a6) · ∇ϑ) (∇ψ · ∇w) dxdt
+ 8sλ
∫
Q
ϕa5a6 (∇ϑ · ∇w) dxdt− sλ
∫
Q
ϕ (∂tψ) a5 |∇ϑ|2 dxdt
− sλ
∫
Q
ϕ (∂tψ) a6 (∇Θ · ∇p) e2sϕdxdt +
∫
Q
a6
a3
(∂tp) (∂tΘ) e
2sϕdxdt
+ sλ
∫
Q
ϕ (∂tψ)
a4a6
a3
|∂tp|2 e2sϕdxdt + 2sλ
∫
Q
ϕa6 (∇ψ · ∇Θ) (∂tp) e2sϕdxdt
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+ 2sλ
∫
Q
ϕ (∇ (a5a6) · ∇w) (∇ψ · ∇ϑ) dxdt
− 2sλ
∫
Q
ϕ (∇ (a5a6) · ∇ψ) (∇ϑ · ∇w) dxdt
+ 4sλ
∫
Q
ϕa6 (∇a6 · ∇w) (∇ψ · ∇w) dxdt + 4sλ
∫
Q
ϕa26 |∇w|2 dxdt
− 2sλ
∫
Q
ϕa6 (∇ψ · ∇a6) |∇w|2 dxdt− sλ
∫
Q
ϕ (∂tψ) a6 (∇w · ∇ϑ) dxdt
+ 2s3λ4
∫
Q
ϕ3 |∇ψ|4 a25ϑ2dxdt + 4s3λ4
∫
Q
ϕ3 |∇ψ|4 a5a6ϑwdxdt
+ 2s3λ4
∫
Q
ϕ3 |∇ψ|4 a26w2dxdt− C10
∫
Q
|∂tw| (|ϑ|+ |∇ϑ|) dxdt
− C10s3λ3
∫
Q
ϕ3|p||Θ|e2sϕdxdt− C10s2λ2
∫
Q
ϕ2 |∂tp| |Θ|e2sϕdxdt
− C10sλ2
∫
Q
ϕ|p| |∇Θ| e2sϕdxdt− C10
∫
Q
|∂tp| |g|e2sϕdxdt
− C10sλ3
∫
Q
ϕ (|∇ϑ|+ |∇w|) (|ϑ| + |w|) dxdt
− C10s3λ3
∫
Q
ϕ3
(
ϑ2 + w2
)
dxdt− C10s2λ2
∫
Q
ϕ2|ϑ| |∂tw| dxdt. (2.26)
For s > 1, we have, (Θ, p) = e−sϕ (ϑ, w),
∂tΘ = ∂t
(
e−sϕϑ
)
= −sλϕ (∂tψ) e−sϕϑ+ e−sϕ∂tϑ
= 2sλϕβ (t− t0) e−sϕϑ+ e−sϕ∂tϑ,
∂jΘ = ∂j
(
e−sϕϑ
)
= −sλϕ (∂jψ) e−sϕϑ+ e−sϕ∂jϑ
= −2sλϕ (xj − xj0) e−sϕϑ+ e−sϕ∂jϑ,
∂tp = ∂t
(
e−sϕw
)
= −sλϕ (∂tψ) e−sϕw + e−sϕ∂tw
= 2sλϕβ (t− t0) e−sϕw + e−sϕ∂tw,
∂jp = ∂j
(
e−sϕw
)
= −sλϕ (∂jψ) e−sϕw + e−sϕ∂jw
= −2sλϕ (xj − xj0) e−sϕw + e−sϕ∂jw, in Q. (2.27)
By the Cauchy-Schwarz inequality,
(
a1, a2, a3, a4
) ∈ U , and (2.27), we estimate
every term of (2.26). We note that ‖a5‖C(Ω) ≤ 2M20 , ‖a6‖C(Ω) ≤M20 , ‖∂ja5‖C(Ω) ≤
3M0M1, ‖∂ja6‖C(Ω) ≤ 2M0M1, and ‖∂j(a5a6)‖C(Ω) = ‖a5∂ja6 + a6∂ja5‖C(Ω) ≤
7M30M1, j = 1, 2, · · · , n. By the Cauchy-Schwarz inequality, we can get, for any
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ε1 > 0,
|(∇a5 · ∇ϑ) (∂tϑ)| ≤ 9M
2
0M
2
1
2
ε−11 sϕ |∇ϑ|2 +
nε1
2sϕ
|∂tϑ|2 , in Q. (2.28)
|4sλϕa5 (∇a5 · ∇ϑ) (∇ψ · ∇ϑ)| = |8sλϕa5 (∇a5 · ∇ϑ) ((x− x0) · ∇ϑ)|
≤ 48nM30M1M
1
2 sλϕ |∇ϑ|2 , in Q. (2.29)
4sλϕa25 |∇ϑ|2 ≥ 4σ21sλϕ |∇ϑ|2 , in Q. (2.30)
∣∣−2sλϕa5 (∇ψ · ∇a5) |∇ϑ|2∣∣ = |4sλϕa5 ((x− x0) · ∇a5)| |∇ϑ|2
≤ 24nM30M1M
1
2sλϕ |∇ϑ|2 , in Q. (2.31)
Similarly,∣∣−2sλϕa6 (∇ψ · ∇a6) |∇w|2∣∣ ≤ 8nM30M1M 12sλϕ |∇w|2 , in Q. (2.32)
|4sλϕa6 (∇a6 · ∇w) (∇ψ · ∇w)| ≤ 16nM30M1M
1
2sλϕ |∇w|2 , in Q. (2.33)
Similarly, we have
|2sλϕ (∇ (a5a6) · ∇ϑ) (∇ψ · ∇w)|+ |2sλϕ (∇ (a5a6) · ∇w) (∇ψ · ∇ϑ)|
+ |−2sλϕ (∇ (a5a6) · ∇ψ) (∇ϑ · ∇w)|
≤ 42nM30M1M
1
2sλϕ
(|∇ϑ|2 + |∇w|2) , in Q. (2.34)
|8sλϕa5a6 (∇ϑ · ∇w)| ≤ 8M40 sλϕ
(|∇ϑ|2 + |∇w|2) , in Q. (2.35)
∣∣−sλϕ (∂tψ) a5 |∇ϑ|2∣∣ = |2sλϕβa5 (t− t0)| |∇ϑ|2 ≤ 2M20 sλϕβT |∇ϑ|2 , (2.36)
in Q. By (2.27), we have∣∣∣2sλϕa6 (∇ψ · ∇Θ) (∂tp) e2sϕ∣∣∣
=
∣∣∣2sλϕa6 (∇ψ · ∇ϑ) (∂tw)− 2s2λ2ϕ2 (∂tψ) a6 (∇ψ · ∇ϑ)w
− 2s2λ2ϕ2 |∇ψ|2 a6 (∂tw)ϑ+ 2s3λ3ϕ3 |∇ψ|2 (∂tψ) a6wϑ
∣∣∣
≤ |4sλϕ ((∂tw) (x− x0) · a6∇ϑ)|
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+
∣∣∣8β (t− t0) a6 ((x− x0) · (s 12λ 14ϕ 12∇ϑ)) s 32λ 74ϕ 32w∣∣∣
+ |∇ψ|2
∣∣∣2a6 (s 12λ 14ϕ 12∂tw) s 32λ 74ϕ 32ϑ∣∣∣ + s3λ3ϕ3 |∇ψ|2 |∂tψ| |2a6wϑ|
≤ 2sλϕ (M |∂tw|2 +M40 |∇ϑ|2)+ C11sλ 12ϕ (|∇ϑ|2 + |∂tw|2)
+ C11s
3λ
7
2ϕ3
(
ϑ2 + w2
)
, in Q. (2.37)
Similarly to (2.37), we have∣∣−sλϕ (∂tψ) a6 (∇Θ · ∇p) e2sϕ∣∣
=
∣∣∣− sλϕ (∂tψ) a6 (∇ϑ · ∇w) + s2λ2ϕ2 (∂tψ) a6 (∇ψ · ∇ϑ)w
+ s2λ2ϕ2 (∂tψ) a6 (∇ψ · ∇w)ϑ− s3λ3ϕ3 |∇ψ|2 (∂tψ) a6ϑw
∣∣∣
≤ 1
2
M20 sλϕβT
(|∇ϑ|2 + |∇w|2)+ C12sλ 12ϕ (|∇ϑ|2 + |∇w|2)
+ C12s
3λ
7
2ϕ3
(
ϑ2 + w2
)
, in Q. (2.38)
Similarly, we can obtain
s2λ2ϕ2|ϑ| |∂tw| ≤ C13sλ 12ϕ |∂tw|2 + C13s3λ 72ϕ3ϑ2, (2.39)
s2λ2ϕ2 |∂tp| |Θ|e2sϕ ≤ s2λ2ϕ2 (|∂tw| |ϑ|+ |−sλϕ (∂tψ)w| |ϑ|)
≤ C14sλ 12ϕ |∂tw|2 + C14s3λ 72ϕ3
(
ϑ2 + w2
)
, in Q. (2.40)
∣∣∣∣a6a3 (∂tΘ) (∂tp) e2sϕ
∣∣∣∣ =
∣∣∣a6
a3
(∂tϑ) (∂tw)− sλϕ (∂tψ) a6
a3
(∂tϑ)w
− sλϕ (∂tψ) a6
a3
(∂tw)ϑ+ s
2λ2ϕ2 (∂tψ)
2 a6
a3
ϑw
∣∣∣
≤
∣∣∣∣
(
1√
6sϕM
∂tϑ
)(
M20
σ1
√
6sϕM∂tw
)∣∣∣∣
+
M20βT
σ1
∣∣∣∣
(√
1
sλϕ
∂tϑ
)(
sλϕ
√
sλϕw
)∣∣∣∣+ M20βTσ1 |(∂tw) (sλϕϑ)|
+
M20β
2T 2
σ1
∣∣s2λ2ϕ2ϑw∣∣
≤ 1
12sϕM
|∂tϑ|2 + 3M
4
0M
σ21
sϕ |∂tw|2
+ C15
(
1
sλϕ
|∂tϑ|2 + s3λ3ϕ3w2 + |∂tw|2 + s2λ2ϕ2ϑ2
)
, in Q. (2.41)
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∣∣∣∣sλϕ (∂tψ) a4a6a3 |∂tp|2 e2sϕ
∣∣∣∣ =
∣∣∣∣2sλϕβ (t− t0) a4a6a3
∣∣∣∣ |∂tw + 2sλϕβ (t− t0)w|2
≤ 2M
3
0βT
σ1
sλϕ |∂tw|2 + C16s3λ3β3ϕ3w2, in Q. (2.42)
4sλϕa26 |∇w|2 ≥ 0, in Q. (2.43)
|−sλϕ (∂tψ) a6 (∇w · ∇ϑ)| ≤ 1
2
M20 sλβTϕ
(|∇ϑ|2 + |∇w|2) , in Q. (2.44)
2s3λ4ϕ3 |∇ψ|4 a25ϑ2 ≥ 2σ21s3λ4ϕ3 |∇ψ|4 ϑ2, in Q. (2.45)
By the Cauchy-Schwarz inequality, we have, for any ε2 > 0,∣∣4s3λ4ϕ3 |∇ψ|4 a5a6ϑw∣∣ ≤ 4M40 s3λ4ϕ3 |∇ψ|4 (ε2ϑ2 + ε−12 w2) , in Q. (2.46)
2s3λ4ϕ3 |∇ψ|4 a26w2 ≥ 0, in Q. (2.47)
Moreover, by (2.27), we have
sλ2ϕ|p| |∇Θ| e2sϕ ≤ sλ2ϕ (|∇ϑ|+ |−sλϕ (∇ψ)ϑ|) |w|
≤ C17 |∇ϑ|2 + C17s2λ4ϕ2
(
ϑ2 + w2
)
, in Q. (2.48)
|∂tp| |g| e2sϕ ≤ (|∂tw|+ |−sλϕ (∂tψ)w|) (|g|esϕ)
≤ C18 |∂tw|2 + C18s2λ2ϕ2w2 + C18g2e2sϕ, in Q. (2.49)
sλ3ϕ (|∇ϑ|+ |∇w|) (|ϑ|+ |w|)
≤ C19
(|∇ϑ|2 + |∇w|2)+ C19s2λ6ϕ2 (ϑ2 + w2) , in Q. (2.50)
Moreover, by the second equality in (2.7) and the Cauchy-Schwarz inequality, we
have, for any ε3 > 0,
|L2 (ϑ, w)|2 = |∂tϑ+ {2sλϕ (∇ψ · (a5∇ϑ+ a6∇w)) + A(ϑ, w)}|2
= |∂tϑ|2 + b2 + 2 (√ε3∂tϑ) b√
ε3
≥ (1− ε3) |∂tϑ|2 +
(
1− ε−13
)
b2,
where b = 2sλϕ (∇ψ · (a5∇ϑ+ a6∇w)) + A(ϑ, w). Noting
b2 ≤ 8s2λ2ϕ2 |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 + C20s2λ4ϕ2
(
ϑ2 + w2
)
,
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and choosing ε3 =
4sϕM
4sϕM+1
, we have
|L2 (ϑ, w)|2 ≥ 1
4sϕM + 1
|∂tϑ|2 − 2sλ2ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2
− C21sλ4ϕ
(
ϑ2 + w2
)
≥ 1
5sϕM
|∂tϑ|2 − 2sλ2ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2
− C21sλ4ϕ
(
ϑ2 + w2
)
, (2.51)
for all s > s1 , max{ 1M , 1}. By (2.8), (2.26), (2.28)–(2.51), we obtain∫
Q
|L (ϑ, w)|2 dxdt
= ‖L1 (ϑ, w)‖2L2(Q) + 2
∫
Q
L1 (ϑ, w)L2 (ϑ, w) dxdt + ‖L2 (ϑ, w)‖2L2(Q)
≥ −2sλ
∫
Σ
ϕ (∇ψ · ν)
(
a5
∂ϑ
∂ν
+ a6
∂w
∂ν
)2
dσdt+ ‖L1 (ϑ, w)‖2L2(Q)
+ 2sλ2
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt
+
(
4σ21 − 8M40 ε2
)
s3λ4
∫
Q
ϕ3 |∇ψ|4 ϑ2dxdt − 8M
4
0 s
3λ4
ε2
∫
Q
ϕ3 |∇ψ|4w2dxdt
+
(
1
30M
− nε1
)∫
Q
1
sϕ
|∂tϑ|2 dxdt− 4Msλ
∫
Q
ϕ |∂tw|2 dxdt
−
(
228nM30M1M
1
2 + 20M40 − 8σ21
)
sλ
∫
Q
ϕ |∇ϑ|2 dxdt
−
(
132nM1M
1
2 + 16M0
)
M30 sλ
∫
Q
ϕ |∇w|2 dxdt
− 6M20 sλβT
∫
Q
ϕ |∇ϑ|2 dxdt− 2M20 sλβT
∫
Q
ϕ |∇w|2 dxdt
− 4M
3
0
σ1
sλβT
∫
Q
ϕ |∂tw|2 dxdt− C22
∫
Q
sλ
1
2ϕ
(|∇ϑ|2 + |∇w|2 + |∂tw|2) dxdt
− C22
∫
Q
(
s3λ
7
2ϕ3 + s2λ6ϕ2
) (
ϑ2 + w2
)
dxdt− C22
∫
Q
1
sλϕ
|∂tϑ|2 dxdt
− C22
∫
Q
g2e2sϕdxdt,
for all s > s1. Choosing ε1 > 0 and ε2 > 0 sufficiently small such that
4σ21 − 8M40 ε2 = 2σ21 and
1
30M
− nε1 = 1
60M
,
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that is, ε1 =
1
60nM
and ε2 =
σ2
1
4M4
0
, we arrive at
2σ21s
3λ4
∫
Q
ϕ3 |∇ψ|4 ϑ2dxdt + 1
60M
∫
Q
1
sϕ
|∂tϑ|2 dxdt
+ 2sλ2
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt
− 2sλ
∫
Σ
ϕ (∇ψ · ν)
(
a5
∂ϑ
∂ν
+ a6
∂w
∂ν
)2
dσdt+ ‖L1 (ϑ, w)‖2L2(Q)
≤ C23
∫
Q
|L (ϑ, w)|2 dxdt + α1sλ
∫
Q
ϕ |∇ϑ|2 dxdt + α2sλ
∫
Q
ϕ |∇w|2 dxdt
+ 4Msλ
∫
Q
ϕ |∂tw|2 dxdt + 32M
8
0
σ21
s3λ4
∫
Q
ϕ3 |∇ψ|4w2dxdt
+ 6M20 sλβT
∫
Q
ϕ |∇ϑ|2 dxdt + 2M20 sλβT
∫
Q
ϕ |∇w|2 dxdt
+
4M30
σ1
sλβT
∫
Q
ϕ |∂tw|2 dxdt + C23sλ 12
∫
Q
ϕ
(|∇ϑ|2 + |∇w|2 + |∂tw|2) dxdt
+ C23
∫
Q
(
s3λ
7
2ϕ3 + s2λ6ϕ2
) (
ϑ2 + w2
)
dxdt + C23
∫
Q
1
sλϕ
|∂tϑ|2 dxdt
+ C23
∫
Q
g2e2sϕdxdt, (2.52)
for all s > s1, where α1 and α2 are given by the first and second equality in (1.8).
Next we will estimate sλ
∫
Q
ϕ |∇v|2 e2sϕdxdt. Noting (2.6) and (2.7) and ap-
plying the integration by parts, similarly to (2.38), we can obtain∫
Q
L (ϑ, w) (sλϕϑ) dxdt
=
∫
Q
{
−sλϕa5 (∆ϑ) ϑ− sλϕa6 (∆w)ϑ+ 1
2
sλϕ
(
∂t
(
ϑ2
))}
dxdt
+
∫
Q
{
− s3λ3ϕ3 |∇ψ|2 a5ϑ2 − s3λ3ϕ3 |∇ψ|2 a6ϑw
+ 2s2λ2ϕ2a5 (∇ψ · ∇ϑ)ϑ
+ 2s2λ2ϕ2a6 (∇ψ · ∇w)ϑ+ s2λ3ϕ2 |∇ψ|2 (a5ϑ+ a6w)ϑ
+ 2ns2λ2ϕ2 (a5ϑ+ a6w)ϑ− s2λ2ϕ2 (∂tψ)ϑ2
}
dxdt
≥ sλ
∫
Q
ϕ (∇a5 · ∇ϑ)ϑdxdt + sλ2
∫
Q
ϕa5 (∇ψ · ∇ϑ)ϑdxdt
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+ sλ
∫
Q
ϕa5 |∇ϑ|2 dxdt + sλ
∫
Q
ϕ (∇a6 · ∇w)ϑdxdt
+ sλ2
∫
Q
ϕa6 (∇ψ · ∇w)ϑdxdt + sλ
∫
Q
ϕa6 (∇w · ∇ϑ) dxdt
− 1
2
sλ2
∫
Q
ϕ (∂tψ)ϑ
2dxdt − C24s3λ3
∫
Q
ϕ3w2dxdt
− C24s3λ 72
∫
Q
ϕ3ϑ2dxdt− C24sλ 12
∫
Q
ϕ
(|∇ϑ|2 + |∇w|2) dxdt
≥ σ1sλ
∫
Q
ϕ |∇ϑ|2 dxdt− C25
∫
Q
(|∇ϑ|2 + |∇w|2) dxdt
− C25s2λ2
∫
Q
ϕ2ϑ2dxdt− C25sλ 72
∫
Q
ϕϑ2dxdt
− C25sλ 12
∫
Q
ϕ
(|∇ϑ|2 + |∇w|2) dxdt
− sλ
∫
Q
ϕ (
√
σ1 |∇ϑ|)
(
M20√
σ1
|∇w|
)
dxdt
− C25s3λ3
∫
Q
ϕ3w2dxdt− C25s3λ 72
∫
Q
ϕ3ϑ2dxdt
≥ 1
2
σ1sλ
∫
Q
ϕ |∇ϑ|2 dxdt− M
4
0
2σ1
sλ
∫
Q
ϕ |∇w|2 dxdt
− C26sλ 12
∫
Q
ϕ
(|∇ϑ|2 + |∇w|2) dxdt − C26s3λ 72
∫
Q
ϕ3ϑ2dxdt
− C26s3λ3
∫
Q
ϕ3w2dxdt.
Since∫
Q
|L (ϑ, w) (sλϕϑ)| dxdt ≤ 1
2
∫
Q
|L (ϑ, w)|2 dxdt + 1
2
s2λ2
∫
Q
ϕ2ϑ2dxdt,
we obtain
σ1
∫
Q
sλϕ |∇ϑ|2 dxdt
≤ M
4
0
σ1
∫
Q
sλϕ |∇w|2 dxdt + C27
∫
Q
|L (ϑ, w)|2 dxdt
+ C27sλ
1
2
∫
Q
ϕ
(|∇ϑ|2 + |∇w|2) dxdt + C27s3λ 72
∫
Q
ϕ3ϑ2dxdt
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+ C27s
3λ3
∫
Q
ϕ3w2dxdt. (2.53)
Multiplying (2.53) by 2α1
σ1
, adding it to (2.52), and noting the equality in (2.8),
we obtain
2σ21s
3λ4
∫
Q
ϕ3 |∇ψ|4 ϑ2dxdt + 1
60M
∫
Q
1
sϕ
|∂tϑ|2 dxdt
+ α1sλ
∫
Q
ϕ |∇ϑ|2 dxdt + 2sλ2
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt
− 2sλ
∫
Σ
ϕ (∇ψ · ν)
(
a5
∂ϑ
∂ν
+ a6
∂w
∂ν
)2
dσdt + ‖L1 (ϑ, w)‖2L2(Q)
≤ C28
∫
Q
(
f 2 + g2
)
e2sϕdxdt +
(
2M40α1
σ21
+ α2
)
sλ
∫
Q
ϕ |∇w|2 dxdt
+ 4Msλ
∫
Q
ϕ |∂tw|2 dxdt + 32M
8
0
σ21
s3λ4
∫
Q
ϕ3 |∇ψ|4w2dxdt
+ 6M20 sλβT
∫
Q
ϕ |∇ϑ|2 dxdt + 2M20 sλβT
∫
Q
ϕ |∇w|2 dxdt
+
4M30
σ1
sλβT
∫
Q
ϕ |∂tw|2 dxdt + C28sλ 12
∫
Q
ϕ
(|∇ϑ|2 + |∇w|2 + |∂tw|2) dxdt
+ C28
∫
Q
(
s3λ
7
2ϕ3 + s2λ6ϕ2
) (
ϑ2 + w2
)
dxdt + C28
∫
Q
1
sλϕ
|∂tϑ|2 dxdt, (2.54)
for all s > s1.
Next we estimate sλ
∫
Q
ϕ |∇x,tw|2 dxdt and s3λ4
∫
Q
ϕ3w2dxdt. By (1.4), we
can get the following equation
a7∂
2
t p− a1∆p− a8∂tΘ = f − a8g, (2.55)
where
a7 = 1 +
a2a4
a3
and a8 =
a2
a3
. (2.56)
Denote
L3(Θ, p) = a7∂
2
t p− a1∆p− a8∂tΘ. (2.57)
We recall (ϑ, w) = esϕ (Θ, p). We set
L∗ (ϑ, w) = esϕL3
(
e−sϕ(ϑ, w)
)
. (2.58)
Then we have
(f − a8g) esϕ = L∗ (ϑ, w) = esϕ
{
a7∂
2
t
(
e−sϕw
)− a1∆ (e−sϕw)− a8∂t (e−sϕϑ)}
24
=
{
s2λ2ϕ2 (∂tψ)
2 − sλ2ϕ (∂tψ)2 − sλϕ∂2t ψ
}
a7w + a7∂
2
tw
− 2sλϕ (∂tψ) a7∂tw −
(
s2λ2ϕ2 |∇ψ|2 − sλ2ϕ |∇ψ|2 − 2nsλϕ) a1w
− a1∆w + 2sλϕa1 (∇ψ · ∇w)− a8∂tϑ+ sλϕ (∂tψ) a8ϑ.
We set
J0 = sλϕγ0w +
n∑
j=1
γj∂jw, (2.59)
where γ0 = γ0(x) and γj = γj(x) ∈ C2
(
Ω
)
, (j = 1, · · · , n) are functions of x,
but are independent of t, s, λ, ϕ, and will be suitably chosen later. We divide
L∗ (ϑ, w) as follows:
L∗ (ϑ, w) = L1∗ (ϑ, w) + L2∗ (w) , (2.60)
where
L1∗ (ϑ, w) = a7∂2tw − a1∆w + s2λ2ϕ2 (∂tψ)2 a7w
− s2λ2ϕ2 |∇ψ|2 a1w − a8∂tϑ+ sλϕ (∂tψ) a8ϑ+ J0, (2.61)
L2∗ (w) = −2sλϕ (∂tψ) a7∂tw + 2sλϕa1 (∇ψ · ∇w)
− sλ2ϕ (∂tψ)2 a7w − sλϕ
(
∂2t ψ
)
a7w
+ sλ2ϕ |∇ψ|2 a1w + 2nsλϕa1w − J0. (2.62)
Then we have
‖(f − a8g) esϕ‖2L2(Q) = ‖L∗ (ϑ, w)‖2L2(Q)
= ‖L1∗ (ϑ, w)‖2L2(Q) + 2
∫
Q
L1∗ (ϑ, w)L2∗ (w) dxdt + ‖L2∗ (w)‖2L2(Q) . (2.63)
We have
L1∗ (ϑ, w)L2∗ (w) = a7
(
∂2tw
)
L2∗ (w)− a1 (∆w)L2∗ (w)
+ s2λ2ϕ2 (∂tψ)
2 a7wL2∗ (w)− s2λ2ϕ2 |∇ψ|2 a1wL2∗ (w)
− a8 (∂tϑ)L2∗ (w) + sλϕ (∂tψ) a8ϑL2∗ (w) + J0L2∗ (w) ,
7∑
k=1
Ik. (2.64)
We integrate Ik, k = 1, 2, ..., 6 over Q. We calculate them by applying the in-
tegration by parts and
(
a1, a2, a3, a4
) ∈ U . By (1.12) and ∂tw = ∂t (esϕp) =
esϕ∂tp+ s (∂tϕ) p, we have
ϑ(x, 0) = ϑ(x, T ) = 0, ∂jtw(x, 0) = ∂
j
tw(x, T ) = 0, x ∈ Ω, j = 0, 1.
25
We further recall that, by (1.11), we have ϑ = 0 and w = 0 on Σ, so that we have
∇ϑ = ∂ϑ
∂ν
ν and ∇w = ∂w
∂ν
ν on Σ.∫
Q
I1dxdt =
∫
Q
a7
(
∂2tw
)
L2∗ (w) dxdt = −
∫
Q
a7 (∂tw) ∂t {L2∗ (w)}dxdt
= 2sλ2
∫
Q
ϕ (∂tψ)
2 a27 |∂tw|2 dxdt + 2sλ
∫
Q
ϕ
(
∂2t ψ
)
a27 |∂tw|2 dxdt
+ sλ
∫
Q
ϕ (∂tψ) a
2
7∂t
{
(∂tw)
2} dxdt
− 2sλ2
∫
Q
ϕ (∂tψ) a1a7 (∇ψ · ∇w) (∂tw) dxdt
− sλ
∫
Q
ϕa1a7
(∇ψ · ∇{(∂tw)2}) dxdt
+
∫
Q
{
sλ2ϕ (∂tψ)
2 a27 |∂tw|2 + sλϕ
(
∂2t ψ
)
a27 |∂tw|2
− sλ2ϕ |∇ψ|2 a1a7 |∂tw|2 − 2nsλϕa1a7 |∂tw|2 + sλϕa7γ0 |∂tw|2
}
dxdt
+
1
2
∫
Q
a7
n∑
j=1
γj∂j
{
(∂tw)
2}dxdt
+
∫
Q
{
sλ3ϕ (∂tψ)
3 a27 (∂tw)w + 2sλ
2ϕ (∂tψ)
(
∂2t ψ
)
a27 (∂tw)w
+ sλ2ϕ (∂tψ)
(
∂2t ψ
)
a27 (∂tw)w − sλ3ϕ (∂tψ) |∇ψ|2 a1a7 (∂tw)w
− 2nsλ2ϕ (∂tψ) a1a7 (∂tw)w + sλ2ϕ (∂tψ) a7γ0 (∂tw)w
}
dxdt.
We integrate the third and fifth terms by parts and then combine them with the
sixth term. We integrate the seventh term by parts. We further estimate the
eighth term by the Cauchy-Schwarz inequality. Then we obtain∫
Q
I1dxdt ≥ 2sλ2
∫
Q
ϕ (∂tψ)
2 a27 |∂tw|2 dxdt + 2sλ
∫
Q
ϕ
(
∂2t ψ
)
a27 |∂tw|2 dxdt
− 2sλ2
∫
Q
ϕ (∂tψ) a1a7 (∇ψ · ∇w) (∂tw) dxdt
+ sλ
∫
Q
ϕ (∇ψ · ∇ (a1a7)) |∂tw|2 dxdt + sλ
∫
Q
ϕa7γ0 |∂tw|2 dxdt
− 1
2
∫
Q
{
n∑
j=1
∂j (a7γj)
}
|∂tw|2 dxdt
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− C29
∫
Q
|∂tw|2 dxdt− C29s2λ6
∫
Q
ϕ2w2dxdt. (2.65)
∫
Q
I2dxdt = −
∫
Q
a1 (∆w)L2∗ (w) dxdt
= −2sλ
∫
Σ
ϕ(∇ψ · ν)a21
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt +
∫
Q
a1 (∇w · ∇ {L2∗ (w)}) dxdt
+
∫
Q
(∇a1 · ∇w)L2∗ (w) dxdt
≥ −2sλ
∫
Σ
ϕ(∇ψ · ν)a21
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt− 2sλ2
∫
Q
ϕ (∂tψ) a1a7 (∇ψ · ∇w) (∂tw) dxdt
− 2sλ
∫
Q
ϕ (∂tψ) a1 (∇a7 · ∇w) (∂tw) dxdt − sλ
∫
Q
ϕ (∂tψ) a1a7∂t
(|∇w|2) dxdt
+ 2sλ2
∫
Q
ϕa21 (∇ψ · ∇w)2 dxdt + 2sλ
∫
Q
ϕa1 (∇a1 · ∇w) (∇ψ · ∇w) dxdt
+ 4sλ
∫
Q
ϕa21 |∇w|2 dxdt + sλ
∫
Q
ϕa21
(∇ψ · ∇{|∇w|2}) dxdt
− sλ2
∫
Q
ϕ (∂tψ)
2 a1a7 |∇w|2 dxdt − sλ
∫
Q
ϕ
(
∂2t ψ
)
a1a7 |∇w|2 dxdt
+ sλ2
∫
Q
ϕ |∇ψ|2 a21 |∇w|2 dxdt + 2nsλ
∫
Q
ϕa21 |∇w|2 dxdt
− sλ
∫
Q
ϕγ0a1 |∇w|2 dxdt− 1
2
∫
Q
a1
n∑
j=1
γj∂j
(|∇w|2) dxdt
− 2sλ
∫
Q
ϕ (∂tψ) a7 (∇a1 · ∇w) (∂tw) dxdt
+ 2sλ
∫
Q
ϕa1 (∇a1 · ∇w) (∇ψ · ∇w) dxdt
− C30
∫
Q
|∇w|2 dxdt− C30s2λ6
∫
Q
ϕ2 |w|2 dxdt.
We combine the third and fifteenth terms. We integrate the fourth term by parts
and then combine them with the ninth and tenth terms. We combine the sixth and
sixteenth terms. We integrate the eighth term by parts and then combine them
with the first, eleventh and twelfth terms. We further integrate the fourteenth
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term by parts. Thus we obtain
∫
Q
I2dxdt ≥ −sλ
∫
Σ
ϕ(∇ψ · ν)a21
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt− 1
2
∫
Σ
a1
(
n∑
j=1
γjνj
) ∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt
− 2sλ2
∫
Q
ϕ (∂tψ) a1a7 (∇ψ · ∇w) (∂tw) dxdt
− 2sλ
∫
Q
ϕ (∂tψ) (∇ (a1a7) · ∇w) (∂tw) dxdt
+ 2sλ2
∫
Q
ϕa21 (∇ψ · ∇w)2 dxdt + 4sλ
∫
Q
ϕa1 (∇a1 · ∇w) (∇ψ · ∇w) dxdt
+ 4sλ
∫
Q
ϕa21 |∇w|2 dxdt− 2sλ
∫
Q
ϕa1 (∇ψ · ∇a1) |∇w|2 dxdt
− sλ
∫
Q
ϕγ0a1 |∇w|2 dxdt + 1
2
∫
Q
{
n∑
j
∂j (a1γj)
}
|∇w|2 dxdt
− C31
∫
Q
|∇w|2 dxdt− C31s2λ6
∫
Q
ϕ2 |w|2 dxdt. (2.66)
∫
Q
I3dxdt = s
2λ2
∫
Q
ϕ2 (∂tψ)
2 a7wL2∗ (w) dxdt
≥ −s3λ3
∫
Q
ϕ3 (∂tψ)
3 a27
{
∂t
(
w2
)}
dxdt
+ s3λ3
∫
Q
ϕ3 (∂tψ)
2 a1a7
(∇ψ · ∇ (w2)) dxdt
− s3λ4
∫
Q
ϕ3 (∂tψ)
4 a27w
2dxdt + s3λ4
∫
Q
ϕ3 (∂tψ)
2 |∇ψ|2 a1a7w2dxdt
− C32s3λ3
∫
Q
ϕ3w2dxdt− 1
2
s2λ2
∫
Q
ϕ2 (∂tψ)
2 a7
n∑
j=1
γj
{
∂j
(
w2
)}
dxdt.
We integrate the first term by parts and then combine it with the third term. We
integrate the second term by parts and then combine it with the fourth term. We
further integrate the sixth term by parts and estimate it. Therefore we can obtain∫
Q
I3dxdt ≥ 2s3λ4
∫
Q
ϕ3 (∂tψ)
4 a27w
2dxdt + 3s3λ3
∫
Q
ϕ3 (∂tψ)
2 (∂2t ψ) a27w2dxdt
− 2s3λ4
∫
Q
ϕ3 (∂tψ)
2 |∇ψ|2 a1a7w2dxdt
28
− s3λ3
∫
Q
ϕ3 (∂tψ)
2 (∇ψ · ∇ (a1a7))w2dxdt
− C33s3λ3
∫
Q
ϕ3w2dxdt + s2λ3
∫
Q
ϕ2 (∂tψ)
2 a7
{
n∑
j=1
γj (∂jψ)
}
w2dxdt
+
1
2
s2λ2
∫
Q
ϕ2 (∂tψ)
2
{
n∑
j=1
∂j (a7γj)
}
w2dxdt.
Noting the first term is nonnegative, we obtain∫
Q
I3dxdt ≥ −2s3λ4
∫
Q
ϕ3 (∂tψ)
2 |∇ψ|2 a1a7w2dxdt− C34s3λ3
∫
Q
ϕ3w2dxdt.
(2.67)
∫
Q
I4dxdt = −s2λ2
∫
Q
ϕ2 |∇ψ|2 a1wL2∗ (w) dxdt
= s3λ3
∫
Q
ϕ3 |∇ψ|2 (∂tψ) a1a7
{
∂t
(
w2
)}
dxdt
− s3λ3
∫
Q
ϕ3 |∇ψ|2 a21
(∇ψ · ∇ (w2)) dxdt
+ s3λ4
∫
Q
ϕ3 |∇ψ|2 (∂tψ)2 a1a7w2dxdt + s3λ3
∫
Q
ϕ3 |∇ψ|2 (∂2t ψ) a1a7w2dxdt
− s3λ4
∫
Q
ϕ3 |∇ψ|4 a21w2dxdt − 2ns3λ3
∫
Q
ϕ3 |∇ψ|2 a21w2dxdt
+ s3λ3
∫
Q
ϕ3 |∇ψ|2 a1γ0w2dxdt + 1
2
s2λ2
∫
Q
ϕ2 |∇ψ|2 a1
n∑
j=1
γj
{
∂j
(
w2
)}
dxdt.
We integrate the first term by parts and combine it with the third and fourth
term. We integrate the second term by parts and combine it with the fifth and
sixth term. We integrate the eighth term by parts. Then we obtain∫
Q
I4dxdt ≥ −2s3λ4
∫
Q
ϕ3 |∇ψ|2 (∂tψ)2 a1a7w2dxdt
+ 2s3λ4
∫
Q
ϕ3 |∇ψ|4 a21w2dxdt + s3λ3
∫
Q
ϕ3
(∇ψ · ∇ (|∇ψ|2 a21))w2dxdt
+ s3λ3
∫
Q
ϕ3 |∇ψ|2 a1γ0w2dxdt− s2λ3
∫
Q
ϕ2 |∇ψ|2 a1
(
n∑
j=1
γj∂jψ
)
w2dxdt
29
− 1
2
s2λ2
∫
Q
ϕ2
{
n∑
j=1
∂j
(|∇ψ|2 a1γj)
}
w2dxdt
≥ −2s3λ4
∫
Q
ϕ3 |∇ψ|2 (∂tψ)2 a1a7w2dxdt + 2s3λ4
∫
Q
ϕ3 |∇ψ|4 a21w2dxdt
− C35s3λ3
∫
Q
ϕ3w2dxdt. (2.68)
I5 = −a8 (∂tϑ)L2∗ (w)
= 2sλϕ (∂tψ) a7a8 (∂tϑ) (∂tw)− 2sλϕa1a8 (∇ψ · ∇w) (∂tϑ)
+ sλ2ϕ (∂tψ)
2 a7a8 (∂tϑ)w +
{
sλϕ
(
∂2t ψ
)
a7a8 (∂tϑ)w
− sλ2ϕ |∇ψ|2 a1a8 (∂tϑ)w − 2nsλϕa1a8 (∂tϑ)w
+ sλϕa8γ0 (∂tϑ)w
}
+ a8 (∂tϑ)
n∑
j=1
γj∂jw ,
5∑
k=1
I5k. (2.69)
Integrating by parts and using the Cauchy-Schwarz inequality, we have∫
Q
I51dxdt = 2sλ
∫
Q
ϕ (∂tψ) a7a8 (∂tϑ) (∂tw) dxdt
= −2sλ
∫
Q
ϕ (∂tψ) a7a8ϑ
(
∂2tw
)
dxdt
− 2sλ2
∫
Q
ϕ (∂tψ)
2 a7a8ϑ (∂tw) dxdt− 2sλ
∫
Q
ϕ
(
∂2t ψ
)
a7a8ϑ (∂tw) dxdt
≥ −2sλ
∫
Q
ϕ (∂tψ) a7a8ϑ
(
∂2tw
)
dxdt
− C36s2λ4
∫
Q
ϕ2ϑ2dxdt − C36
∫
Q
|∂tw|2 dxdt.
We calculate the first term as follows. By (2.61), we have
a7∂
2
tw =L1∗ (ϑ, w) + a1∆w − s2λ2ϕ2 (∂tψ)2 a7w
+ s2λ2ϕ2 |∇ψ|2 a1w + a8∂tϑ− sλϕ (∂tψ) a8ϑ− J0, in Q.
Therefore we have∫
Q
I51dxdt ≥ −2sλ
∫
Q
ϕ (∂tψ) a1a8ϑ (△w) dxdt
+ 2s3λ3
∫
Q
ϕ3 (∂tψ) a8
{
(∂tψ)
2 a7 − |∇ψ|2 a1
}
ϑwdxdt
30
− sλ
∫
Q
ϕ (∂tψ) a
2
8
{
∂t
(
ϑ2
)}
dxdt + 2s2λ2
∫
Q
ϕ2 (∂tψ)
2 a28ϑ
2dxdt
− 2sλ
∫
Q
ϕ (∂tψ) a8L1∗ (ϑ, w)ϑdxdt
+ 2s2λ2
∫
Q
ϕ2 (∂tψ) a8γ0wϑdxdt + 2sλ
∫
Q
ϕ (∂tψ) a8ϑ
n∑
j=1
γj∂jwdxdt
− C37s2λ4
∫
Q
ϕ2ϑ2dxdt − C37
∫
Q
|∂tw|2 dxdt.
Integrating the first and third terms by parts and estimating the second and fifth
terms by the Cauchy-Schwarz inequality, we have∫
Q
I51dxdt ≥ 2sλ
∫
Q
ϕ (∂tψ) a1a8 (∇ϑ · ∇w) dxdt
+ 2sλ2
∫
Q
ϕ (∂tψ) a1a8 (∇ψ · ∇w)ϑdxdt
+ 2sλ
∫
Q
ϕ (∂tψ) (∇ (a1a8) · ∇w)ϑdxdt
+ sλ2
∫
Q
ϕ (∂tψ)
2 a28ϑ
2dxdt + sλ
∫
Q
ϕ
(
∂2t ψ
)
a28ϑ
2dxdt
+ 2s2λ2
∫
Q
ϕ2 (∂tψ)
2 a28ϑ
2dxdt − 5s2λ2
∫
Q
ϕ2 (∂tψ)
2 a8
2ϑ2dxdt
− 1
4
∫
Q
|L1∗ (ϑ, w)|2 dxdt− C38s3λ3
∫
Q
ϕ3
(
ϑ2 + w2
)
dxdt
− C38s2λ4
∫
Q
ϕ2ϑ2dxdt − C38
∫
Q
(|∇w|2 + |∂tw|2) dxdt
≥ 2sλ
∫
Q
ϕ (∂tψ) a1a8 (∇ϑ · ∇w) dxdt− 1
4
∫
Q
|L1∗ (ϑ, w)|2 dxdt
− C39s3λ3
∫
Q
ϕ3
(
ϑ2 + w2
)
dxdt− C39s2λ4
∫
Q
ϕ2ϑ2dxdt
− C39
∫
Q
(|∇w|2 + |∂tw|2) dxdt. (2.70)
Integrating by parts two times, we have∫
Q
I52dxdt = −2sλ
∫
Q
ϕa1a8 (∇ψ · ∇w) (∂tϑ) dxdt
= 2sλ
∫
Q
ϕa1a8 (∇ψ · ∇ (∂tw))ϑdxdt
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+ 2sλ2
∫
Q
ϕ (∂tψ) a1a8 (∇ψ · ∇w)ϑdxdt
= −2sλ
∫
Q
ϕa1a8 (∇ψ · ∇ϑ) (∂tw) dxdt
− 2sλ
∫
Q
ϕ {div (a1a8∇ψ)} (∂tw)ϑdxdt
− 2sλ2
∫
Q
ϕ |∇ψ|2 a1a8 (∂tw)ϑdxdt
+ 2sλ2
∫
Q
ϕ (∂tψ) a1a8 (∇ψ · ∇w)ϑdxdt
≥ −2sλ
∫
Q
ϕa1a8 (∇ψ · ∇ϑ) (∂tw) dxdt
− C40s2λ4
∫
Q
ϕ2ϑ2dxdt− C40
∫
Q
(|∇w|2 + |∂tw|2) dxdt. (2.71)
Integrating by parts, we have∫
Q
I53dxdt = sλ
2
∫
Q
ϕ (∂tψ)
2 a7a8 (∂tϑ)wdxdt
= −sλ2
∫
Q
ϕ (∂tψ)
2 a7a8ϑ (∂tw) dxdt
− 2sλ2
∫
Q
ϕ (∂tψ)
(
∂2t ψ
)
a7a8ϑwdxdt− sλ3
∫
Q
ϕ (∂tψ)
3 a7a8ϑwdxdt
≥ −C41s2λ4
∫
Q
ϕ2ϑ2dxdt− C41
∫
Q
|∂tw|2 dxdt− C41sλ3
∫
Q
ϕw2dxdt. (2.72)
Similarly, integrating by parts, we can obtain∫
Q
I54dxdt ≥ −C42s2λ4
∫
Q
ϕ2ϑ2dxdt− C42
∫
Q
|∂tw|2 dxdt− C42sλ3
∫
Q
ϕw2dxdt.
(2.73)
Integrating by parts two times, we have
∫
Q
I55dxdt =
∫
Q
a8
n∑
j=1
γj (∂jw) (∂tϑ) dxdt = −
∫
Q
a8
n∑
j=1
γj (∂t∂jw)ϑdxdt
=
∫
Q
a8
n∑
j=1
γj (∂jϑ) (∂tw) dxdt +
∫
Q
{
n∑
j=1
∂j (a8γj)
}
(∂tw)ϑdxdt
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≥ −C43
∫
Q
(|∂tw|2 + |∇ϑ|2 + |ϑ|2) dxdt. (2.74)
Combining (2.69)–(2.74), we arrive at∫
Q
I5dxdt ≥ 2sλ
∫
Q
ϕ (∂tψ) a1a8 (∇ϑ · ∇w) dxdt− 1
4
∫
Q
|L1∗ (ϑ, w)|2 dxdt
− 2sλ
∫
Q
ϕa1a8 (∇ψ · ∇ϑ) (∂tw) dxdt
− C44s3λ3
∫
Q
ϕ3
(
ϑ2 + w2
)
dxdt − C44s2λ4
∫
Q
ϕ2ϑ2dxdt
− C44
∫
Q
(|∇w|2 + |∂tw|2 + |∇ϑ|2) dxdt. (2.75)
∫
Q
I6dxdt = sλ
∫
Q
ϕ (∂tψ) a8ϑL2∗ (w) dxdt
= −2s2λ2
∫
Q
ϕ2 (∂tψ)
2 a7a8ϑ (∂tw) dxdt
+ 2s2λ2
∫
Q
ϕ2 (∂tψ) a1a8 (∇ψ · ∇w)ϑdxdt− s2λ3
∫
Q
ϕ2 (∂tψ)
3 a7a8wϑdxdt
− s2λ2
∫
Q
ϕ2 (∂tψ)
(
∂2t ψ
)
a7a8ϑwdxdt + s
2λ3
∫
Q
ϕ2 (∂tψ) |∇ψ|2 a1a8ϑwdxdt
+ 2ns2λ2
∫
Q
ϕ2 (∂tψ) a1a8ϑwdxdt− s2λ2
∫
Q
ϕ2 (∂tψ) a8γ0ϑwdxdt
− sλ
∫
Q
ϕ (∂tψ) a8ϑ
n∑
j=1
γj∂jwdxdt. (2.76)
Similarly to (2.37), we can estimate the first and second terms. Therefore we have∫
Q
I6dxdt ≥ −C45sλ 12
∫
Q
ϕ
(|∇w|2 + |∂tw|2) dxdt− C45s3λ 72
∫
Q
ϕ3ϑ2dxdt
− C45s2λ3
∫
Q
ϕ2
(
ϑ2 + w2
)
dxdt− C45
∫
Q
|∇w|2 dxdt. (2.77)
By (2.59), we have∫
Q
I7dxdt =
∫
Q
J0L2∗ (w) dxdt
33
= sλ
∫
Q
ϕγ0wL2∗ (w) dxdt +
∫
Q
(
n∑
j=1
γj∂jw
)
L2∗ (w) dxdt.
Similarly to (2.76)-(2.77), we can estimate the first term.
(second term) = −2sλ
∫
Q
ϕ (∂tψ) a7 (∂tw)
n∑
j=1
γj (∂jw) dxdt
+ 2sλ
∫
Q
ϕa1 (∇ψ · ∇w)
(
n∑
j=1
γj∂jw
)
dxdt
− sλ2
∫
Q
ϕ (∂tψ)
2 a7
n∑
j=1
γj (∂jw)wdxdt
− sλ
∫
Q
ϕ
(
∂2t ψ
)
a7
n∑
j=1
γj (∂jw)wdxdt
+ sλ2
∫
Q
ϕ |∇ψ|2 a1
n∑
j=1
γj (∂jw)w + 2nsλ
∫
Q
ϕa1
n∑
j=1
γj (∂jw)wdxdt
− sλ
∫
Q
ϕγ0
n∑
j=1
γj (∂jw)wdxdt−
∫
Q
(
n∑
j=1
γj∂jw
)2
dxdt
≥ −2sλ
∫
Q
ϕ (∂tψ) a7 (∂tw)
n∑
j=1
γj (∂jw) dxdt
+ 2sλ
∫
Q
ϕa1 (∇ψ · ∇w)
(
n∑
j=1
γj∂jw
)
dxdt
− C46s2λ4
∫
Q
ϕ2w2dxdt− C46
∫
Q
|∇w|2 dxdt.
Therefore we can obtain∫
Q
I7dxdt ≥ −2sλ
∫
Q
ϕ (∂tψ) a7 (∂tw)
n∑
j=1
γj (∂jw) dxdt
+ 2sλ
∫
Q
ϕa1 (∇ψ · ∇w)
(
n∑
j=1
γj∂jw
)
dxdt
− C47sλ 12
∫
Q
ϕ
(|∇w|2 + |∂tw|2) dxdt− C47s3λ 72
∫
Q
ϕ3w2dxdt
− C47s2λ4
∫
Q
ϕ2w2dxdt− C47
∫
Q
|∇w|2 dxdt. (2.78)
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We combine of (2.63), (2.64), (2.65)–(2.68), (2.75), (2.77), and (2.78). We note
that the sum of the first and third terms in (2.65) and the third and fifth terms
in (2.66) equals
2sλ2
∫
Q
ϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 dxdt.
Moreover, we take
γ0 = a1 − (∇ (a1a7) · ∇ψ)
a7
, γj = −2 (∂ja1) , j = 1, 2, · · · , n. (2.79)
Then the sum of the fourth and fifth terms in (2.65) equals to sλ
∫
Q
ϕa1a7 |∂tw|2 dxdt.
The sum of the sixth term in (2.66) and the second term in (2.78) equals 0. The
sum of the fourth term in (2.66) and the first term in (2.78) equals to
2sλ
∫
Q
ϕ (∂tψ) a7 (∇a1 · ∇w) (∂tw) dxdt−2sλ
∫
Q
ϕ (∂tψ) a1 (∇a7 · ∇w) (∂tw) dxdt.
We combine the first term in (2.67) and the first term in (2.68). Thus we arrive
at
‖(f − a8g) esϕ‖2L2(Q) = ‖L∗ (ϑ, w)‖2L2(Q)
= ‖L1∗ (ϑ, w)‖2L2(Q) + 2
∫
Q
L1∗ (ϑ, w)L2∗ (w) dxdt + ‖L2∗ (w)‖2L2(Q)
≥ 1
2
‖L∗ (ϑ, w)‖2L2(Q) + ‖L2∗ (w)‖2L2(Q)
− 2sλ
∫
Σ
ϕ(∇ψ · ν)a21
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt + 2
∫
Σ
a1 (∇a1 · ν)
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt
+ 4sλ2
∫
Q
ϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 dxdt + 2sλ
∫
Q
ϕa1a7 |∂tw|2 dxdt
+ 2sλ
∫
Q
ϕa1
{
3a1 − (∇a1 · ∇ψ) + a1 (∇a7 · ∇ψ)
a7
}
|∇w|2 dxdt
+ 4s3λ4
∫
Q
ϕ3 |∇ψ|4 a21w2dxdt − 4sλ
∫
Q
ϕa1a8 (∇ψ · ∇ϑ) (∂tw) dxdt
+ 4sλ
∫
Q
ϕ
(
∂2t ψ
)
a27 |∂tw|2 dxdt + 4sλ
∫
Q
ϕ (∂tψ) a7 (∇a1 · ∇w) (∂tw) dxdt
− 4sλ
∫
Q
ϕ (∂tψ) a1 (∇a7 · ∇w) (∂tw) dxdt
+ 4sλ
∫
Q
ϕ (∂tψ) a1a8 (∇ϑ · ∇w) dxdt
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− 8s3λ4
∫
Q
ϕ3 (∂tψ)
2 |∇ψ|2 a1a7w2dxdt
− C48sλ 12
∫
Q
ϕ
(|∇w|2 + |∂tw|2) dxdt− C48s3λ 72
∫
Q
ϕ3
(
ϑ2 + w2
)
dxdt
− C48
∫
Q
(|∇ϑ|2 + s2λ4ϕ2ϑ2 + s2λ6ϕ2w2) dxdt. (2.80)
By
(
a1(x), a2(x), a3(x), a4(x)
) ∈ U and the Cauchy-Schwarz inequality, we esti-
mate every term of (2.80). We note that ‖a7‖C(Ω) ≤ 1 + M
2
0
σ1
, ‖a8‖C(Ω) ≤ M0σ1 ,
‖∂ja7‖C(Ω) ≤ 3M
2
0
M1
σ2
1
, and ‖∂ja8‖C(Ω) ≤ 2M1M0σ2
1
, j = 1, 2, · · · , n.
2a1a7sλϕ |∂tw|2 ≥ 2σ1sλϕ |∂tw|2 , (2.81)
2sλϕa1
{
3a1 − (∇a1 · ∇ψ) + a1 (∇a7 · ∇ψ)
a7
}
|∇w|2 ≥ 2σ0σ1sλϕ |∇w|2 , (2.82)
and
4s3λ4ϕ3 |∇ψ|4 a21w2 ≥ 4σ21s3λ4ϕ3 |∇ψ|4 w2, in Q. (2.83)
By the Cauchy-Schwarz inequality, we have, for any ε4 > 0,
|−4sλϕa1a8 (∇ψ · ∇ϑ) ∂tw| ≤ 2M
2
0
σ1
sλϕ
(
ε4 |∂tw|2 + ε−14 |(∇ψ · ∇ϑ)|2
)
, in Q.
Choosing ε4 > 0 small such that
2M2
0
σ1
ε4 = σ1, that is, ε4 =
σ2
1
2M2
0
, we have
|−4sλϕa1a8 (∇ψ · ∇ϑ) ∂tw| ≤ σ1sλϕ |∂tw|2 + 4M
4
0
σ31
sλϕ |(∇ψ · ∇ϑ)|2 , in Q.
(2.84)
Next we estimate the second term of (2.84).
sλϕ |(∇ψ · ∇ϑ)|2 = 1
a25
sλϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)− a6 (∇ψ · ∇w)|2
≤ 2
a25
sλϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 + 2a
2
6
a25
sλϕ |(∇ψ · ∇w)|2
=
2
a25
sλϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2
+
2a26
a21a
2
5
sλϕ |−a1 (∇ψ · ∇w) + a7 (∂tψ) (∂tw)− a7 (∂tψ) (∂tw)|2
36
≤ 2
a25
sλϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 + 4a
2
6a
2
7
a21a
2
5
sλϕ (∂tψ)
2 |∂tw|2
+
4a26
a21a
2
5
sλϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2
≤ 4M
4
0β
2T 2
σ41
(
1 +
M20
σ1
)2
sλϕ |∂tw|2 + C49sλϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2
+ C49sλϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 . (2.85)
By (2.84) and (2.85), we obtain
|−4sλϕa1a8 (∇ψ · ∇ϑ) ∂tw|
≤ σ1sλϕ |∂tw|2 + 16M
8
0β
2T 2
σ71
(
1 +
M20
σ1
)2
sλϕ |∂tw|2
+ C50sλϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2
+ C50sλϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 , in Q. (2.86)
Furthermore, we have
∣∣4sλϕ (∂2t ψ) a27 |∂tw|2∣∣ ≤ 8
(
1 +
M20
σ1
)2
βsλϕ |∂tw|2 , (2.87)
|4sλϕ (∂tψ) a7 (∇a1 · ∇w) (∂tw)| ≤ 4
(
1 +
M20
σ1
)
M1βTsλϕ
n∑
j=1
|∂tw| |∂jw|
≤ 2
(
1 +
M20
σ1
)
M1βTsλϕ
(
n |∂tw|2 + |∇w|2
)
, (2.88)
|−4sλϕ (∂tψ) a1 (∇a7 · ∇w) (∂tw)| ≤ 6M
3
0M1
σ21
βTsλϕ
(
n |∂tw|2 + |∇w|2
)
, (2.89)
|4sλϕ (∂tψ) a1a8 (∇ϑ · ∇w)| ≤ 4βTsλϕ |a1a8| |∇ϑ||∇w|
≤ 2M
2
0
σ1
βTsλϕ
(|∇ϑ|2 + |∇w|2) , (2.90)
and
∣∣−8s3λ4ϕ3 (∂tψ)2 |∇ψ|2 a1a7w2∣∣ ≤ 8M0
(
1 +
M20
σ1
)
β2T 2s3λ4ϕ3 |∇ψ|2w2, (2.91)
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in Q. Combining (2.80)–(2.83) and (2.86)–(2.91), we can obtain
1
2
‖L∗ (ϑ, w)‖2L2(Q) + ‖L2∗ (w)‖2L2(Q)
− 2sλ
∫
Σ
ϕ(∇ψ · ν)a21
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt+ 2
∫
Σ
a1 (∇a1 · ν)
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt
+ 4sλ2
∫
Q
ϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 dxdt + σ1sλ
∫
Q
ϕ |∂tw|2 dxdt
+ 2σ0σ1sλ
∫
Q
ϕ |∇w|2 dxdt + 4σ21s3λ4
∫
Q
ϕ3 |∇ψ|4w2dxdt
≤ C51
∫
Q
(
f 2 + g2
)
e2sϕdxdt
+ C51sλ
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt
+ C51sλ
∫
Q
ϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 dxdt
+
16M80β
2T 2
σ71
(
1 +
M20
σ1
)2
sλ
∫
Q
ϕ |∂tw|2 dxdt
+ 8
(
1 +
M20
σ1
)2
βsλ
∫
Q
ϕ |∂tw|2 dxdt
+ 2
(
1 +
M20
σ1
+
3M30
σ21
)
M1βTsλ
∫
Q
ϕ
(
n |∂tw|2 + |∇w|2
)
dxdt
+
2M20
σ1
βTsλ
∫
Q
ϕ
(|∇ϑ|2 + |∇w|2) dxdt
+ 8M0
(
1 +
M20
σ1
)
β2T 2s3λ4
∫
Q
ϕ3 |∇ψ|2w2dxdt
+ C51sλ
1
2
∫
Q
ϕ
(|∇w|2 + |∂tw|2) dxdt + C51s3λ 72
∫
Q
ϕ3
(
ϑ2 + w2
)
dxdt
+ C51
∫
Q
(|∇ϑ|2 + s2λ4ϕ2ϑ2 + s2λ6ϕ2w2) dxdt. (2.92)
We multiply (2.54) by α3 and then add it to (2.92). By the definition of α3 in
(1.8), the second, third and fourth terms in the right hand side of (2.54) can be
absorbed by the left hand side of (2.92), so that we arrive at
2α3σ
2
1s
3λ4
∫
Q
ϕ3 |∇ψ|4 ϑ2dxdt + α3
60M
∫
Q
1
sϕ
|∂tϑ|2 dxdt
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+ α1α3sλ
∫
Q
ϕ |∇ϑ|2 dxdt
+ 2α3sλ
2
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt
+ 4sλ2
∫
Q
ϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 dxdt
+
1
2
σ1sλ
∫
Q
ϕ |∂tw|2 dxdt + σ0σ1sλ
∫
Q
ϕ |∇w|2 dxdt
+ 2σ21s
3λ4
∫
Q
ϕ3 |∇ψ|4w2dxdt + 1
2
‖L∗ (ϑ, w)‖2L2(Q) + ‖L2∗ (w)‖2L2(Q)
+ α3 ‖L1 (ϑ, w)‖2L2(Q) − 2α3sλ
∫
Σ
ϕ (∇ψ · ν)
(
a5
∂ϑ
∂ν
+ a6
∂w
∂ν
)2
dσdt
− 2sλ
∫
Σ
ϕ(∇ψ · ν)a21
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt + 2
∫
Σ
a1 (∇a1 · ν)
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt
≤ C52
∫
Q
(
f 2 + g2
)
e2sϕdxdt + C52sλ
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt
+ C52sλ
∫
Q
ϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 dxdt
+ βTsλ
∫
Q
ϕ
(
α4 |∇ϑ|2 + α5 |∇w|2 + α6 |∂tw|2
)
dxdt
+ α7β
2T 2sλ
∫
Q
ϕ |∂tw|2 dxdt + 4α8βsλ
∫
Q
ϕ |∂tw|2 dxdt
+
8M0 (σ1 +M
2
0 )
σ1
β2T 2s3λ4
∫
Q
ϕ3 |∇ψ|2w2dxdt
+ C52sλ
1
2
∫
Q
ϕ
(|∇ϑ|2 + |∇w|2 + |∂tw|2) dxdt + C52s3λ 72
∫
Q
ϕ3
(
ϑ2 + w2
)
dxdt
+ C52
∫
Q
(
1
sλϕ
|∂tϑ|2 + s2λ6ϕ2ϑ2 + s2λ6ϕ2w2
)
dxdt, (2.93)
for all s > s1. We note that 4m ≤ |∇ψ|2 ≤ 4M on Ω. By (1.8) and (1.9), we have
2Dα6
√
β + 4D2α7β + 4α8β < 1
4
σ1. (2.94)
By (1.9) and (2.94), there exists a sufficiently small constant η = η(β) > 0 such
that
0 <
√
β (D + η) < α1α3
4α4
, 0 <
√
β (D + η) < σ0σ1
4α5
,
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2 (D + η)α6
√
β + 4 (D + η)2 α7β + 4α8β < 1
4
σ1,
0 < β (D + η)2 < m
2σ31
2M0 (σ1 +M
2
0 )
.
For any T ∈
(
0, 2(D+η)√
β
)
, we have 0 < βT < 2
√
β (D + η). Therefore, the fourth,
fifth, sixth and seventh terms in the right hand side of (2.93) can be absorbed by
the left hand side of it. Hence we arrive at
32α3m
2σ21s
3λ4
∫
Q
ϕ3ϑ2dxdt +
α3
60M
∫
Q
1
sϕ
|∂tϑ|2 dxdt
+
1
2
α1α3sλ
∫
Q
ϕ |∇ϑ|2 dxdt + 2α3sλ2
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt
+ 4sλ2
∫
Q
ϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 dxdt
+
1
4
σ1sλ
∫
Q
ϕ |∂tw|2 dxdt + 1
2
σ0σ1sλ
∫
Q
ϕ |∇w|2 dxdt
+ 16m2σ21s
3λ4
∫
Q
ϕ3w2dxdt +
1
2
‖L∗ (ϑ, w)‖2L2(Q) + ‖L2∗ (w)‖2L2(Q)
+ α3 ‖L1 (ϑ, w)‖2L2(Q)
− 2α3sλ
∫
(∂Ω\Γ0)×(0,T )
ϕ (∇ψ · ν)
(
a5
∂ϑ
∂ν
+ a6
∂w
∂ν
)2
dσdt
− 2sλ
∫
(∂Ω\Γ0)×(0,T )
ϕ(∇ψ · ν)a21
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt
− 2√nM0M1
∫
(∂Ω\Γ0)×(0,T )
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt
≤ C53
∫
Q
(
f 2 + g2
)
e2sϕdxdt
+ 2α3sλ
∫
Γ0×(0,T )
ϕ (∇ψ · ν)
(
a5
∂ϑ
∂ν
+ a6
∂w
∂ν
)2
dσdt
+ 2sλ
∫
Γ0×(0,T )
ϕ(∇ψ · ν)a21
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt + 2
√
nM0M1
∫
Γ0×(0,T )
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt
+ C53sλ
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt
+ C53sλ
∫
Q
ϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 dxdt
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+ C53sλ
1
2
∫
Q
ϕ
(|∇ϑ|2 + |∇w|2 + |∂tw|2) dxdt + C53s3λ 72
∫
Q
ϕ3
(
ϑ2 + w2
)
dxdt
+ C53
∫
Q
1
sλϕ
|∂tϑ|2 dxdt + C53s2λ6
∫
Q
ϕ2
(
ϑ2 + w2
)
dxdt,
for all s > s1. By (1.14), there exists a constant ǫ > 0 such that −(∇ψ · ν) ≥ ǫ
on ∂Ω \ Γ0. Therefore, there exists a constant λ0 > 1 such that for any λ ≥ λ0,
the fourteenth term in the left hand side can be absorbed by the thirteenth term
in the left hand side, and the terms from the fifth to the ninth in the right hand
side can be absorbed by the left hand side. Moreover, for any fixed λ ≥ λ0, there
exists a constant s0 = s0(λ) > s1 such that for any s ≥ s0(λ), the tenth term in
the right hand side can be absorbed by the left hand side. We further note that
the twelfth term in the left hand side is positive. Thus there exists a constant
K0 = K0(s0, λ0, β, Ω, T , m, M , M0, M1, M2, σ0, σ1, ǫ) > 0 such that∫
Q
(
s3λ4ϕ3ϑ2 +
1
sϕ
|∂tϑ|2 + sλϕ |∇ϑ|2 + s3λ4ϕ3w2 + sλϕ |∇x,tw|2
)
dxdt
+ sλ2
∫
Q
ϕ |a5 (∇ψ · ∇ϑ) + a6 (∇ψ · ∇w)|2 dxdt
+ sλ2
∫
Q
ϕ |a7 (∂tψ) (∂tw)− a1 (∇ψ · ∇w)|2 dxdt + ‖L∗ (ϑ, w)‖2L2(Q)
+ ‖L2∗ (w)‖2L2(Q) + ‖L1 (ϑ, w)‖2L2(Q) + ǫsλ
∫
(∂Ω\Γ0)×(0,T )
ϕ
∣∣∣∣∂w∂ν
∣∣∣∣
2
dσdt
≤ K0
∫
Q
(
f 2 + g2
)
e2sϕdxdt +K0sλ
∫
Γ0×(0,T )
ϕ
(∣∣∣∣∂ϑ∂ν
∣∣∣∣
2
+
∣∣∣∣∂w∂ν
∣∣∣∣
2
)
dσdt,
for all λ ≥ λ0 and s ≥ s0(λ). Noting (ϑ, w) = esϕ (Θ, p), we complete the proof of
Theorem 1.2.
3 Proof of Theorem 1.1
We prove Theorem 1.1 by applying Theorem 1.2 and the argument in [12]. By a
usual density argument, it is sufficient to prove (1.15) for (Θ, p) ∈ C∞(Q)×C∞(Q).
Let Gε = {x ∈ ω
∣∣dist(x, ∂ω ∩ Ω) ≤ ε} and ωε = ω \ Gε. Let Qωε = ωε × (0, T ).
By (1.5), there exists ε > 0 such that
∂Ω \ ∂ω4ε ⊂
{
x ∈ ∂Ω∣∣ ((x− x0) · ν(x)) < 0}. (3.1)
We take Γ0 = ∂ω4ε ∩ ∂Ω. By (3.1), Γ0 satisfies (1.14). In order to apply Theorem
1.2, we take a cut-off function χ1(x) ∈ C∞(Ω) such that 0 ≤ χ1(x) ≤ 1 for
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all x ∈ Ω, χ1(x) = 1 for all x ∈ Ω \ ω2ε, and χ1(x) = 0 for all x ∈ ω3ε. Let
u(x, t) = χ1(x)p(x, t) and v(x, t) = χ1(x)Θ(x, t). By (1.4), (1.11) and (1.12), we
have 

∂2t u− a1∆u− a2∆v =χ1f − a1 (∆χ1) p− 2a1 (∇χ1 · ∇p)
− a2 (∆χ1) Θ− 2a2 (∇χ1 · ∇Θ) ,
∂tv − a3∆v − a4∂2t u =χ1g − a3 (∆χ1)Θ− 2a3 (∇χ1 · ∇Θ) , in Q,
v(x, t) = u(x, t) = 0 for (x, t) ∈ Σ, and v(x, 0) = v(x, T ) = ∂jt u(x, 0) =
∂jt u(x, T ) = 0 for x ∈ Ω and j = 0, 1. Furthermore, by the definition of χ1,
we have ∇v = ∇u = 0 in some neighborhood of Γ0 × (0, T ). By Theorem 1.2,
there exists a constant η(β) > 0 such that for any T ∈
(
0, 2(D+η)√
β
)
, there exists
a constant λ0 > 0 such that for all λ > λ0, there exist constants s0(λ) > 0 and
K = K(s0, λ0, β, Ω, T , m, M , M0, M1, M2, σ0, σ1) > 0 such that∫
Q
(
s3λ4ϕ3v2 +
1
sϕ
|∂tv|2 + sλϕ|∇v|2 + s3λ4ϕ3u2 + sλϕ|∇x,tu|2
)
e2sϕdxdt
≤ K
∫
Q
(
f 2 + g2
)
e2sϕdxdt +K
∫
(ω2ε\ω3ε)×(0,T )
{ |(∆χ1) p|2 + |(∇χ1 · ∇p)|2
+ |(∆χ1) Θ|2 + |(∇χ1 · ∇Θ)|2
}
e2sϕdxdt, for all s ≥ s0.
Therefore we have∫
Q
{
s3λ4ϕ3
(
Θ2 + p2
)
+
1
sϕ
|∂tΘ|2 + sλϕ
(|∇Θ|2 + |∇x,tp|2)
}
e2sϕdxdt
=
∫
Q\Qω2ε
{
s3λ4ϕ3
(
v2 + u2
)
+
1
sϕ
|∂tv|2 + sλϕ
(|∇v|2 + |∇x,tu|2)
}
e2sϕdxdt
+
∫
Qω2ε
{
s3λ4ϕ3
(
Θ2 + p2
)
+
1
sϕ
|∂tΘ|2 + sλϕ
(|∇Θ|2 + |∇x,tp|2)
}
e2sϕdxdt
≤ K
∫
Q
(
f 2 + g2
)
e2sϕdxdt +K
∫
(ω2ε\ω3ε)×(0,T )
{ |(∆χ1) p|2 + |(∇χ1 · ∇p)|2
+ |(∆χ1)Θ|2 + |(∇χ1 · ∇Θ)|2
}
e2sϕdxdt
+
∫
Qω2ε
{
s3λ4ϕ3
(
Θ2 + p2
)
+
1
sϕ
|∂tΘ|2 + sλϕ
(|∇Θ|2 + |∇x,tp|2)
}
e2sϕdxdt
≤ K
∫
Q
(
f 2 + g2
)
e2sϕdxdt + C54
∫
Qω2ε
{
s3λ4ϕ3
(
Θ2 + p2
)
+
1
sλϕ
|∂tΘ|2
+ sλϕ
(|∇Θ|2 + |∇x,tp|2)
}
e2sϕdxdt, for all s ≥ s0. (3.2)
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Next we estimate sλ
∫
Qω2ε
ϕ (|∇Θ|2 + |∇p|2) e2sϕdxdt in (3.2). We take a cut-
off function χ2(x) ∈ C∞(Ω) such that 0 ≤ χ2(x) ≤ 1 for all x ∈ Ω, χ2(x) = 0 for
all x ∈ Ω \ ωε, and χ2(x) = 1 for all x ∈ ω2ε. We multiply the second equation
in (1.4) by sλϕχ2Θe
2sϕ and integrate it over Q. Integrating by parts and using
(1.11) and (1.12), we have
sλ
∫
Qωε
ϕχ2gΘe
2sϕdxdt =
1
2
sλ
∫
Qωε
ϕχ2
{
∂t
(
Θ2
)}
e2sϕdxdt
− sλ
∫
Qωε
ϕχ2a3 (△Θ)Θe2sϕdxdt− sλ
∫
Qωε
ϕχ2a4
(
∂2t p
)
Θe2sϕdxdt
= −1
2
sλ2
∫
Qωε
ϕχ2 (∂tψ)Θ
2e2sϕdxdt− s2λ2
∫
Qωε
ϕ2 (∂tψ)χ2Θ
2e2sϕdxdt
+ sλ2
∫
Qωε
ϕχ2a3 (∇ψ · ∇Θ)Θe2sϕdxdt
+ sλ
∫
Qωε
ϕ (∇ (χ2a3) · ∇Θ)Θe2sϕdxdt
+ sλ
∫
Qωε
ϕχ2a3 |∇Θ|2 e2sϕdxdt + 2s2λ2
∫
Qωε
ϕ2χ2a3 (∇ψ · ∇Θ)Θe2sϕdxdt
+ sλ2
∫
Qωε
ϕ (∂tψ)χ2a4 (∂tp) Θe
2sϕdxdt + sλ
∫
Qωε
ϕχ2a4 (∂tp) (∂tΘ) e
2sϕdxdt
+ 2s2λ2
∫
Qωε
ϕ2 (∂tψ)χ2a4 (∂tp) Θe
2sϕdxdt ,
10∑
k=1
J˜k, for all s ≥ s0. (3.3)
We recall s > s0 ≥ 1 and λ > 1. Thus we have
J˜1 + J˜2 ≥ −C55s2λ2
∫
Qωε
ϕ2Θ2e2sϕdxdt, for all s ≥ s0.
By the Cauchy-Schwarz inequality, we have
J˜3 ≥ −C56
∫
Qωε
χ2
(
1
2
s
1
2λ
1
2σ
1
2
1 ϕ
1
2 |∇Θ|
)(
2s
1
2λ
3
2σ
− 1
2
1 ϕ
1
2 |Θ|
)
e2sϕdxdt
≥ −1
4
sλσ1
∫
Qωε
ϕχ2|∇Θ|2e2sϕdxdt− C57sλ3
∫
Qωε
ϕχ2Θ
2e2sϕdxdt,
for all s ≥ s0. Integrating by parts, we have
J˜4 =
1
2
sλ
∫
Qωε
ϕ
(∇ (χ2a3) · ∇ (Θ2)) e2sϕdxdt
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= −1
2
sλ2
∫
Qωε
ϕ (∇ (χ2a3) · ∇ψ) Θ2e2sϕdxdt
− 1
2
sλ
∫
Qωε
ϕ {△ (χ2a3)}Θ2e2sϕdxdt
− s2λ2
∫
Qωε
ϕ2 (∇ (χ2a3) · ∇ψ)Θ2e2sϕdxdt
≥ −C58s2λ2
∫
Qωε
ϕ2Θ2e2sϕdxdt.
J˜5 ≥ sλσ1
∫
Qωε
ϕχ2 |∇Θ|2 e2sϕdxdt, for all s ≥ s0.
By the Cauchy-Schwarz inequality, we have
J˜6 ≥ −C59
∫
Qωε
χ2
(
1
2
s
1
2λ
1
2σ
1
2
1 ϕ
1
2 |∇Θ|
)(
2s
3
2λ
3
2σ
− 1
2
1 ϕ
3
2 |Θ|
)
e2sϕdxdt
≥ −1
4
sλσ1
∫
Qωε
ϕχ2 |∇Θ|2 e2sϕdxdt − C60s3λ3
∫
Qωε
ϕ3χ2Θ
2e2sϕdxdt,
J˜7 + J˜9 ≥ −C61s2λ2
∫
Qωε
ϕ2χ2
(|∂tp|2 +Θ2) e2sϕdxdt,
J˜8 ≥ −C62
∫
Qωε
χ2
(
s
3
2λ
3
2ϕ
3
2 |∂tp|
)( 1
s
1
2λ
1
2ϕ
1
2
|∂tΘ|
)
e2sϕdxdt
≥ −C63s3λ3
∫
Qωε
ϕ3χ2 |∂tp|2 e2sϕdxdt−
∫
Qωε
χ2
sλϕ
|∂tΘ|2 e2sϕdxdt,
sλ
∫
Qωε
ϕχ2gΘe
2sϕdxdt ≤ C64
∫
Qωε
χ2
(
1
s
1
2λ
1
2ϕ
1
2
|g|
)(
s
3
2λ
3
2ϕ
3
2 |Θ|
)
e2sϕdxdt
≤
∫
Qωε
χ2
sλϕ
g2e2sϕdxdt + C65s
3λ3
∫
Qωε
ϕ3χ2Θ
2e2sϕdxdt,
for all s ≥ s0. Therefore, we obtain
1
2
sλσ1
∫
Qωε
ϕχ2 |∇Θ|2 e2sϕdxdt
≤
∫
Qωε
χ2
sλϕ
|∂tΘ|2 e2sϕdxdt +
∫
Qωε
χ2
sλϕ
g2e2sϕdxdt
+ C66s
3λ3
∫
Qωε
ϕ3
(|∂tp|2 +Θ2) e2sϕdxdt, for all s ≥ s0. (3.4)
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By (1.4), we can get (2.55) where a7 and a8 are given by (2.56). Similarly to
(3.3)–(3.4), we multiply (2.55) by sλϕχ2pe
2sϕ and integrate it over Q, so that, by
the integration by parts and the Cauchy-Schwarz inequality, we have
sλ
∫
Qωε
ϕχ2 (f − a8g) pe2sϕdxdt = sλ
∫
Qωε
ϕχ2a7
(
∂2t p
)
pe2sϕdxdt
− sλ
∫
Qωε
ϕχ2a1 (△p) pe2sϕdxdt− sλ
∫
Qωε
ϕχ2a8 (∂tΘ) pe
2sϕdxdt
≥ −C67sλ
∫
Qωε
ϕχ2 |∂tp|2 e2sϕdxdt− C67s3λ3
∫
Qωε
ϕ3p2e2sϕdxdt
+
1
2
sλσ1
∫
Qωε
ϕχ2 |∇p|2 e2sϕdxdt− C67sλ
∫
Qωε
ϕχ2Θ
2e2sϕdxdt,
for all s ≥ s0. Then we have
1
2
sλσ1
∫
Qωε
ϕχ2 |∇p|2 e2sϕdxdt
≤
∫
Qωε
χ2
sλϕ
(
f 2 + g2
)
e2sϕdxdt + C68s
3λ3
∫
Qωε
ϕ3p2e2sϕdxdt
+ C68sλ
∫
Qωε
ϕχ2 |∂tp|2 e2sϕdxdt + C68sλ
∫
Qωε
ϕχ2Θ
2e2sϕdxdt, (3.5)
for all s ≥ s0. Adding (3.4) and (3.5) and noting ω2ε ⊆ ωε ⊆ ω and χ2(x) = 1 for
all x ∈ ω2ε, we obtain
sλ
∫
Qω2ε
ϕ
(|∇Θ|2 + |∇p|2) e2sϕdxdt ≤ sλ ∫
Qωε
ϕχ2
(|∇Θ|2 + |∇p|2) e2sϕdxdt
≤ 2
σ1
∫
Qωε
χ2
sλϕ
|∂tΘ|2 e2sϕdxdt + 4
σ1
∫
Qωε
χ2
sλϕ
(
f 2 + g2
)
e2sϕdxdt
+ C69s
3λ3
∫
Qωε
ϕ3
(|∂tp|2 + p2 +Θ2) e2sϕdxdt, for all s ≥ s0. (3.6)
Substituting (3.6) into (3.2), we obtain∫
Q
{
s3λ4ϕ3
(
Θ2 + p2
)
+
1
sϕ
|∂tΘ|2 + sλϕ
(|∇Θ|2 + |∇x,tp|2)
}
e2sϕdxdt
≤ C70
∫
Q
(
f 2 + g2
)
e2sϕdxdt
+ C70
∫
Qωε
{
s3λ4ϕ3
(
Θ2 + p2
)
+
1
sϕ
|∂tΘ|2 + s3λ3ϕ3|∂tp|2
}
e2sϕdxdt, (3.7)
for all s ≥ s0. Noting ωε ⊆ ω, we obtain (1.13). The proof of Theorem 1.1 is
complete.
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